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A
Integrals of Lipschitz-Hankel type involving products of
Bessel functions

The integrals of Lipschitz-Hankel type involving products of Bessel functions
can be represented by

L€ r;0) = f ) Jp(&D Jy(rt) e t' dr (A-1)
0

where p, ¢ and A are integers; and J,(£7) and J,(rf) are Bessel functions of the
first kind of order p and g, respectively. The convergent integrals of this type were
tabulated by Eason et al. [67]. The expressions used in the previous chapters are

2k
Iooo = K(m) (A-2)
i
2(k2 -2) 4
ho=-22"2 gkmy- —_F A-3
10 kA1 (m) kA (m) (A-3)
e Ko - 22 it 6>
Too = zﬂgz it &=r (A-4)
2@ = K(m) + Aog’;"“ if &<r
2¢k?
001 :W E(m) (A-5)
4ck 20/((/(2 -2)
] = - — —_ _—E A'6
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2¢kd
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in which I,,,(€, r; ¢) = I,,2(r, &; ¢) and

Ay =2+Er,  Ay=E-1r - Ay=-E417- (A-17)
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In the above expressions, K(m) and E(m) are the complete elliptic integrals of the
first and second kinds, respectively,

/2

K(m) = f (1 —m sin6*)"*de (A-18)
0
/2

E(m)zf (1 —m sin6*)'?de (A-19)
0

the modulus k, the complementary modulus k and the parameter m are given by

2+Eér -
k= —"X2 k=V1-k2 and m =k’ (A-20)
VE+r)?+¢?

In Eq. (A-4), Ao(n, m) is the Heuman complete elliptic integral expressed as
2 m
Ao(n,m) = — ['\/1 —n4/1-— H(n,m)] (A-21)
/4 n
where Il(n, m) is the complete elliptic integral of the third kind defined as
/2
(n, m) = f (1-nsing?)™' (1 —m sing*)"'/*dg (A-22)
0

and n is the characteristic number
Al
n=
& +r)7
Notice that all Lipschitz-Hankel integrals 7,,,(¢, r; ¢) listed above are written in
terms of K(m), E(m) and I1(m), which can be numerically evaluated by duplication

as proposed by Carlson [93, 94].
In the following, some useful limits are given, for pg = Vr?2 + ¢2:

(A-23)

, 1 rr—2¢2
%HI(% 1000 = p— (A'24) élf% 1002 = - 5 (A'32)
r

lim 7 = — A-25 3r(r* - 4c?
lim o/ = (A-25) fim o/ = - % (A-33)
. ¢ ” Po
lim I]()()/é: = >3 (A'26) 2 2
. 3¢(3r-=2
0 2o i Fap 6 = - 2222 > =@
lim oo = —22 a2y ° Po
£-0 T po ) 3rc

c llml()lz = = (A-35)
%mg 1001 = = (A—28) £-0 p()
e Po 3¢ (3r* - 2¢
' 3re lim Iogs = _M (A-36)
%11)131111/5 =55 (A-29) &0 Po
' 0 15rc (3r* — 4¢?
' 202 lim1,3/&é = — re( r9 ) (A-37)
lim 119, /€ = — 5 (A-30) &0 2p,
£-0 204

(A-31)

limly; = —=
S0 for pg
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3(3r* — 2417 + 8¢%)

él_r)%lm/f =

200
(A-38)
3 2 _ 4 2

lim 1013 = —M (A—39)
£-0 po
, 3(3r* = 2412 * + 8¢Y)
lim 1004 = )
£-0 po

(A-40)

églg1114/§:

églg1104/§ =

125

45r (r* = 1212 ¢* + 8¢%)

lim 10]4 = —
&

2p;)

(A-41)
15¢ (157* — 4072 ¢ + 8¢*)
2p!

(A-42)
15¢r (3r? — 4¢?) (A-43)

Jo

The expressions listed in Egs. (A-2) to (A-16) and Eqgs. (A-24) to (A-43) are
part of the integrand of the boundary integrals arising in the formulations presented
in this work. Depending on the value of m and p,, some of these integrals become
weakly and others strongly singular, as dealt with in Appendix B.


DBD
PUC-Rio - Certificação Digital Nº 0410745/CA


PUC-Rio - Certificacéo Digital N° 0410745/CA

B
Numerical integration

This appendix presents the numerical schemes used to evaluate the integrals
arising in the boundary element formulations for axisymmetric problems. As only
the meridian of the axisymmetric boundary needs to be discretized, these integrals
are calculated along the boundary I'(r,z), for each portion between consecutive
nodes of an element.

B.1
Regular integral

Let f(r, z) be a regular function on I', in the sense that it can be approximated
by a polynomial of a not too high degree in the domain of interest. Then, its
integral can be expressed in a natural coordinate system 7 in the interval [—1, 1]
and approximated by the Gauss-Legendre quadrature rule [86], arriving at

1 g
fr f(r,2)dl = f 1 S J () dy = Z [f ) J(D] e, Wi, (B-1)

m=1
where
2 2

dr dz
J(m) = —| +|{—= B-2
o (dn) (dn) ©2
is the Jacobian transformation between the global and natural coordinate systems.
The coeflicients 1775, and w%, are the abscissas and weights of the Gauss-Legendre

quadrature rule for n, points within the interval (-1, 1), which suffice to exactly
evaluate the integral of a polynomial of order 2n, — 1.

B.2
Weakly singular integral of logarithmic terms

Let f(r,z) be a regular function and p(r, z) the distance between the points
P(¢,7") and Q(r, z) on the boundary I'(r, z). One is concerned with the evaluation of
the following weakly singular integral

1
f J(r,2) Inp(r,z)dl’ = f J@p) InpGy) J() dn (B-3)
r -1
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for the case p(—1) = 0 or p(1) = 0. A unified treatment of both cases may be
obtained by expressing

p(m) =pa,n) (A —n'n) (B-4)

where 7’ is equal to either -1 or 1 and p(n,7’) is the non-vanishing part of p(n7) for
n € (=1, 1). Then, the integral of Eq. (B-3) may be decomposed as [74]

1 1
j; J(r.2) Inp(r,z)dl’ = f 1 f @) In[26(m)] J () dnp + 2 j; Jf@) In7p J(@) dij (B-5)

in which the transformation to the natural coordinate system 7 € [0, 1] is given by

1
f=50- n'mn (B-6)

The resulting integrals can be approximated by the Gauss-Legendre and logarithmic
weighted Gauss quadratures rules [86], leading to

g

fr Frn2) Inp(r,2)dL = 3" [£0p) (25601 T,y WS+

m=1
ny

D1 W J@);e, Wh (B-7)

m=1

The coefficients 7', and w'! are the abscissas and weights of the logarithmic

weighted Gauss quadrature rule for n; points within the interval (0, 1), which suffice
to exactly evaluate the integral of a polynomial of order n; — 1.

The above integration scheme is obtained from a transformation of variables
and the use of Gauss-Legendre and logarithmic weighted Gauss quadratures rules.
However, other approaches can also be employed, such as performing a transfor-
mation of variables so that the singular terms vanish, or regularizing the kernels to
be evaluated in the numerical scheme with analytical integration of the regular part
[74].

B.2.1
Weakly singular integral of terms with the complete elliptic integral of the
first order

Let f(r, z) be a regular function and K(m) the complete elliptic integral of the
first order given by Eq. (A-18), of modulus
4ér

M ET @ -2 ®-8)

given in terms of the coordinates of points P(£, z’) and Q(r, z) on the boundary I'(r, z).
One is concerned with the evaluation of the following weakly singular integral

1
f f(r,2) Kim)dI' = f J () K(m) J () dn (B-9)
r -1


DBD
PUC-Rio - Certificação Digital Nº 0410745/CA


PUC-Rio - Certificacéo Digital N° 0410745/CA

Appendix B 128

which actually encompasses to singularity in the case of K(m) = oo since m = 1
for either n = —1 or 7 = 1. The integration scheme to be presented was proposed
by Bialecki et al. [87], by approximating the complete elliptic integral K(m) and
isolating its singular term.

The complete elliptic integral K(m) can be approximated, for 0 < m < 1 and
within an error € < 2 - 1078, by the expression [68]

K(m) = K (m) — K,(im) Inm (B-10)

where )
Je

(E+71)?+ (7 —2)?

is the complementary modulus of the complete elliptic integral and

m =

(B-11)

Kim)=ao+a m+...+asm

Kx(m) = bo + by + ...+ byii* (B-12)
are polynomials whose coefficients are given by

ap = 1.38629436112 by =0.5

a; = 0.09666344259 by = 0.12498593597

a, = 0.03590092383 b, = 0.06880248576 (B-13)
az = 0.03742563713 by = 0.03328355346

as = 0.01451196212 by = 0.00441787012

Substituting the approximation given by Eq. (B-10) into the weakly singular integral
in Eq. (B-9), one may isolate the singular term to obtain

o(r, 2)?
m

ff(r, ) K(m)dl' = ff(r, 2) [Kl (m) + K,(m) In dI'-
r r

2 ff(r, 2) K>(m) Inp(r, z) dI’ (B-14)
r

Applying the scheme for the regular integral presented in Section B.1 to the first
integral and the scheme for the weakly singular integral in Section B.2 to the second
integral, one obtains

S _ o 1=1'y }
,2) K(m)dI' = K 2K, (1) 1 J wé —
fr £(r,2) K(m) ”;{f(n)[ 17) + 2K In = %] () »
43 [£G) Katii) Iy Sy, W, (B-15)

m=1

for 7 according to the development that has led to Eq. (B-6).
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B.2.2
Weakly singular integral of terms with the complete elliptic integral of the
second order

Let f(r,z) be a regular function and E(m) the complete elliptic integral of
the second order, of modulus m, given by Eq. (A-19) in terms of the coordinates
of points P(¢,7) and Q(r,z) on the boundary I'(r,z). One needs to evaluate the
following weakly singular integral

1
frf(r,Z)E(m)dF= fl f @) E(m) J(n) dny (B-16)

for the case of m = 1 for either n = —1 or n = 1. Although E(m) # oo for this
case, one may isolate the quasi-singular terms to enhance the convergence of the
numerical integration.

The complete elliptic integral E(m) can be approximated, for 0 < m < 1 and
within an error € < 2 - 1078, by the expression [68]

E(m) = E\(m) — Ey(m) Inm (B-17)

where m is given by Eq. (B-8) and

El(ﬁl)=1+a|ﬁ1+...+a4ﬁ14

Ex(m) = by + ...+ by’ (B-18)
are the polynomials whose coefficients are given by

a, = 0.44325141463 by =0.24998368310
a; = 0.06260601220 b, = 0.09200180037
az = 0.04757383546 b = 0.04069697526
as = 0.01736506451 by = 0.00526449639

(B-19)

The polynomial approximation of E(m) presents no singularity, since E,(/m) has no
free coefficients, according to Eq. (B-17). However, the presence of In m causes the
integrand of Eq. (B-16) to be non-analytical, which requires a special numerical
treatment.

In a manner similar to that used in the previous section, one arrives at the
following expression for the numerical evaluation of the weakly singular integral
given by Eq. (B-16)

ng

1 _ /
fr f(r,2) EGm) dT %Z{f(n) [Emm) + 2E5() In N”_”] J(")}n—ng =

m=1 m —Im

43" [f @) Ex() 77 JG)] ey, Wy (B-20)

m=1

for 77 given by Eq. (B-6).


DBD
PUC-Rio - Certificação Digital Nº 0410745/CA


PUC-Rio - Certificacéo Digital N° 0410745/CA

Appendix B 130

B.3
Cauchy principal value of the singular integral of order 1/p

Let f(r,z) be a regular function and p(r, z) the distance beteween the points
P(&,7") and Q(r,z) on the boundary I'(r,z). One needs to evaluate the strongly
singular integral

J(r,2)

r p(r’ Z)
for the case p(—1) = 0 or p(1) = 0. This integral may be obtained as a sum of a
Cauchy principal value and a discontinuous term as

LG S f w2 gry e (B-22)
Fp(r’z) Fp(r’z)

dr (B-21)

The evaluation of the discontinuous term c of the strongly singular integrals appear-
ing in the boundary element formulations is addressed in Section 3.1.5.

The Cauchy principal value is best evaluated in terms of two finite-part
integrals, denoted by f , for the boundary segments adjacent to the singularity point
p(r,2) =0.

In what follows, one makes use of the integration scheme proposed by
Dumont & Souza [88]. Using the same notation of Eq. (B-6), one may expand
the regular function by Taylor and obtain the following normalized integral of Eq.
(B-21) over the curved boundary I

|
’ P f(77)
dr = - 1 —Jnd B-23
n [f(n) nlpl]n:n,+ o) () dn (B-23)

f(r,z)
r p(rv Z)

The resulting quadrature rule for evaluating Cauchy’s principal value of the
strongly singular integral of (B-21) is given by

[ [f(n) ]
dlr = —J W —
r p(r,2) ; p(n) o s

m

n ],y {[lnl2ﬁ|],,:,,f - Z T } (B-24)

m=1 m

where
o],y = VD],—y (B-25)

The above scheme, that employs the Gauss-Legendre quadrature rule and an addi-
tional correction term, evaluates exactly this integral for a polynomial function of
order 2n, — 2. Other possible numerical integration scheme for the strongly singu-
lar integral of Eq. (B-21) makes use of Kutt’s weighted quadrature rule [95] or the
technique of subtraction of the singularity with further numerical integration [74].
The last is another way of expressing the procedure outlined above.
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