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$EVW U DF W � 7 K LV LV D E U LHI LQ WU RG X FWLRQ WR )U HG K ROP WK HRU \ IRU + LOE HU W VS DFH
RS HU DWRU V RU JDQ L]HG LQ WR WHQ VHFWLRQ V� 7 K H FODVVLFDO S DU WLWLRQ RI WK H VS HFWU X P
LQ WR S RLQ W� U HVLG X DO� DQ G FRQ WLQ X RX V VS HFWU D LV U HY LHZ HG LQ 6 HFWLRQ �� )U HG K ROP
RS HU DWRU V DU H LQ WU RG X FHG LQ 6 HFWLRQ �� DQ G )U HG K ROP LQ G H[ LQ 6 HFWLRQ �� 7 K H
HVVHQ WLDO VS HFWU X P LV FRQ VLG HU HG LQ 6 HFWLRQ �� WK H VS HFWU DO S LFWX U H LV S U HVHQ WHG
LQ 6 HFWLRQ �� DQ G 5LHV] S RLQ WV DU H G LVFX VVHG LQ 6 HFWLRQ �� : H\ O VS HFWU X P LV
WK H VX E MHFW RI 6 HFWLRQ � DQ G � DIWHU E U LQ JLQ J VRP H E DVLF U HVX OWV RQ DVFHQ W DQ G
G HVFHQ W LQ 6 HFWLRQ �� % U RZ G HU VS HFWU X P LV LQ Y HVWLJDWHG LQ 6 HFWLRQ �� )LQ DOO\ �
: H\ O DQ G % U RZ G HU WK HRU HP V FORVH WK LV H[ S RVLWRU \ S DS HU LQ 6 HFWLRQ ���

�� 7 KH 6SHF W U XP

7KURXJKRXW WKLV SDSHU + VWDQGV IRU D QRQ]HUR FRPSOH[ +LOEHUW VSDFH� $ VXE�
VSDFH RI + LV D FORVHG OLQHDU PDQLIROG RI +� 7KH FORVXUH RI D OLQHDU PDQLIROG 0 LV
GHQRWHG E\0b DQG WKH RUWKRJRQDO FRPSOHPHQW RI0 LV GHQRWHG E\0"� ERWK DUH
VXEVSDFHV RI +� %\ DQ RSHUDWRU RQ + ZH PHDQ D ERXQGHG OLQHDU �HTXLYDOHQWO\� D
FRQWLQXRXV OLQHDU� WUDQVIRUPDWLRQ RI + LQWR LWVHOI� /HW %>+@ EH WKH XQLWDO %DQDFK
DOJHEUD RI DOO RSHUDWRUV RQ +� DQG OHW 7 e� %>+@ VWDQG IRU WKH DGMRLQW RI 7 � %>+@�
7KH NHUQHO RU QXOO VSDFH �ZKLFK LV D VXEVSDFH RI +� DQG WKH UDQJH �ZKLFK LV D OLQHDU
PDQLIROG RI +� RI 7 � %>+@ DUH GHQRWHG E\ 1 �7 � DQG 5�7 �� UHVSHFWLYHO\�

1 �7 �  7b�I�J  
j
[ � + � 7[  �

k
�

5�7 �  7 �+�  
j
\ � + � \  7[ IRU VRPH [ � +

k
�

7R EHJLQ ZLWK ZH FRQVLGHU D FODVVLFDO SDUWLWLRQ RI WKH VSHFWUXP RI D +LOEHUW VSDFH
RSHUDWRU� 7DNH DQ DUELWUDU\ RSHUDWRU 7 LQ WKH XQLWDO %DQDFK DOJHEUD %>+@� /HW

~�7 �  
j
y � & � 1 �y, b 7 �  I�J DQG 5�y, b 7 �  +

k

EH WKH UHVROYHQW VHW RI 7 � ZKLFK DFFRUGLQJ WR WKH 2SHQ 0DSSLQJ 7KHRUHP LV SUH�
FLVHO\ WKH VHW RI DOO y � & VXFK WKDW y, b 7 LV LQYHUWLEOH �L�H�� VXFK WKDW y, b 7 KDV
DQ LQYHUVH LQ WKH DOJHEUD %>+@�� ,WV FRPSOHPHQW�

��7 �  &Q~�7 �  
j
y � & � y, b 7 LV QRW LQYHUWLEOH

k
�

LV WKH VSHFWUXP RI 7 � 5HFDOO WKDW WKH VSHFWUXP RI 7 � %>+@ LV D QRQHPSW\ DQG
FRPSDFW VXEVHW RI WKH FRPSOH[ SODQH &� /HW

j
�3 �7 �� �5�7 �� �&�7 �

k
EH WKH FODVVLFDO

SDUWLWLRQ RI ��7 � FRQVLVWLQJ RI WKH SRLQW VSHFWUXP� UHVLGXDO VSHFWUXP DQG FRQWLQX�
RXV VSHFWUXP� ZKLFK DUH GHpQHG DV IROORZV�

' DW H� - DQ X DU \ �� �����
���� 0DW KHPDW LFV 6 XEMHFW & ODVVLpFDW LRQ � 3 U LP DU \ ��$ ��� 6 HFRQ G DU \ ��$ ���
. H\ Z RU GV�)U HG K ROP RS HU DWRU V� % U RZ G HU DQ G : H\ O VS HFWU D� HVVHQ WLDO VS HFWU X P � VS HFWU DO S LFWX U H�

�
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�3 �7 �  
j
y � & � 1 �y, b 7 � � I�J

k

LV WKH SRLQW VSHFWUXP RI 7 �L�H�� WKH VHW RI DOO HLJHQYDOXHV RI 7 �� ,I y LV DQ HLJHQYDOXH
RI 7 �L�H�� LI y � �3 �7 ��� WKHQ 1 �y, b 7 � LV DQ HLJHQVSDFH RI 7 � 7KH VHW

�5�7 �  
j
y � & � 1 �y, b 7 �  I�J DQG 5�y, b 7 �b � +

k

LV WKH UHVLGXDO VSHFWUXP RI 7 � DQG WKH FRQWLQXRXV VSHFWUXP RI 7 LV JLYHQ E\

�&�7 �  
j
y � & � 1 �y, b 7 �  I�J� 5�y, b 7 �b + DQG 5�y, b 7 � � +

k
�

7KH GLDJUDP EHORZ VXPPDUL]HV VXFK D SDUWLWLRQ RI WKH VSHFWUXP >��� S��@� +HUH
WKH UHVLGXDO VSHFWUXP LV VSOLW LQWR WZR GLVMRLQW SDUWV� �5�7 �  �5 � �7 � > �5 � �7 �� WKH
SRLQW VSHFWUXP LV VSOLW LQWR IRXU GLVMRLQW SDUWV� �3 �7 �  

6
�
L � �3 � �7 �� DQG ZH DGRSW

WKH IROORZLQJ DEEUHYLDWHG QRWDWLRQ� 7y  �y, b7 �� 1 y  1 �7y�� DQG5y  5�7y��
$OVR %>5y�+@ GHQRWHV WKH %DQDFK VSDFH RI DOO FRQWLQXRXV �L�H�� ERXQGHG� OLQHDU
WUDQVIRUPDWLRQ RI 5y LQWR +_ VR WKDW LI 7y LV LQMHFWLYH �L�H�� LI 1 �7y�  I�J�� WKHQ
LWV OLQHDU LQYHUVH 7b�

y RQ 5y LV FRQWLQXRXV LI DQG RQO\ LI 5y LV FORVHG �E\ WKH %DQDFK
&RQWLQXRXV ,QYHUVH 7KHRUHP� VHH H�J�� >��� S����@ ��

5
�
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�
� � +

5
�
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�
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�
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�
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1 �  I�J

7
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� � %>5 � �+ @ ~ �7 � " " �� � �7 �

7
� �
�  � %>5 � �+ @ " � � �7 � �� � �7 � "

1 � � I�J �� � �7 � �� � �7 � ��	� �7 � ���
 �7 �

_ ^] `

� � � �7 �

�

 

�
��
� �7 �

7KHUH DUH KRZHYHU RYHUODSSLQJ SDUWV RI WKH VSHFWUXP WKDW DUH FRPPRQO\ XVHG
WRR �VHH H�J�� >��� &KDSWHU �@�� )RU LQVWDQFH� WKH FRPSUHVVLRQ VSHFWUXP �&3 �7 � DQG
WKH DSSUR[LPDWH SRLQW VSHFWUXP �RU DSSUR[LPDWLRQ VSHFWUXP� �$3 �7 �� GHpQHG E\

�&3 �7 �  
j
y � & � 5�y, b 7 � LV QRW GHQVH LQ +

k

 �3 � �7 � > �3 
 �7 � > �5�7 ��

�$3 �7 �  
j
y � & � �y, b 7 � LV QRW ERXQGHG EHORZ

k

 �3 �7 � > �&�7 � > �5 � �7 �  ��7 �Q�5 � �7 ��

5HFDOO WKDW WKH DSSUR[LPDWH SRLQW VSHFWUXP LV QRQHPSW\� FORVHG LQ &� DQG LQFOXGHV
WKH ERXQGDU\ #��7 � RI WKH VSHFWUXP ��7 �� 0RUHRYHU� �5 � �7 � LV RSHQ LQ &� DQG VR
LV �3 � �7 �� )XUWKHUPRUH� WKH UHVLGXDO VSHFWUXP LV JLYHQ E\ WKH IRUPXOD

�5�7 �  �3 �7
e�eQ�3 �7 ��

DQG VR

�&�7 �  ��7 �
sb

�3 �7 � > �3 �7
e�e
c
�

ZKHUH ZH DUH XVLQJ WKH VWDQGDUG QRWDWLRQ ee IRU WKH VHW RI DOO FRPSOH[ FRQMXJDWHV
RI D JLYHQ VXEVHW e RI & �L�H�� ee  Iy � & � y � eJ� _ VHH H�J�� >��� 3URSRVLWLRQV
���� DQG ����@� ,QGHHG�

~�7 �  ~�7 e�e� ��7 �  ��7 e�e� �&�7 �  �&�7
e�e�
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WKH VXESDUWV RI WKH SRLQW DQG UHVLGXDO VSHFWUXP DUH UHODWHG E\ WKH H[SUHVVLRQV

�3 � �7 �  �5 � �7 e�e� �3 � �7 �  �5 � �7
e�e�

�3 � �7 �  �3 � �7
e�e� �3 
 �7 �  �3 
 �7

e�e�

DQG WKH FRPSUHVVLRQ DQG DSSUR[LPDWH SRLQW VSHFWUXP DUH VXFK WKDW

�&3 �7 �  �3 �7
e�e�

#��7 � v �$3 �7 � ? �$3 �7
e�e  ��7 �

sb
�3 � �7 � > �5 � �7 �

c
�

5HPDUN ���� 7DNH DQ DUELWUDU\ 7 � %>+@� 6LQFH LQ D pQLWH�GLPHQVLRQDO VSDFH
HYHU\ OLQHDU PDQLIROG LV FORVHG DQG HYHU\ LQMHFWLYH RSHUDWRU LV LQYHUWLEOH� LW IROORZV
E\ WKH SUHFHGLQJ GLDJUDP WKDW

GLP+ � �  � ��7 �  �3 �7 �  �3 
 �7 ��

ZKLFK LV D pQLWH VHW _ WKLV H[WHQGV WR pQLWH�UDQN RSHUDWRUV EXW QRW WR FRPSDFW
RSHUDWRUV RQ D LQpQLWH�GLPHQVLRQDO VSDFH� +RZHYHU�

7 LV FRPSDFW  � ��7 �QI�J  �3 �7 �QI�J v �3 
 �7 ��

DQG� LQ WKLV FDVH� ��7 � LV D FRXQWDEOH VHW IRU ZKLFK � LV WKH RQO\ SRVVLEOH DFFX�
PXODWLRQ SRLQW �VHH H�J�� >�� 6HFWLRQ 9,,��@ RU >��� 6HFWLRQ ���@ _ WKLV LQ IDFW LV D
FRQVHTXHQFH RI WKH )UHGKROP $OWHUQDWLYH DV VWDWHG LQ WKH IRUWKFRPLQJ 5HPDUN �����

�� ) U HGKRO P 2SHU DW RU V

/HW %� >+@ EH WKH �WZR�VLGHG� LGHDO RI DOO FRPSDFW RSHUDWRUV IURP %>+@� $Q RS�
HUDWRU 7 LQ %>+@ LV OHIW VHPL�)UHGKROP LI WKHUH H[LVWV 6 � %>+@ DQG . � %� >+@ VXFK
WKDW 67  , �.� DQG ULJKW VHPL�)UHGKROP LI WKHUH H[LVWV 6 � %>+@ DQG. � %� >+@
VXFK WKDW 76  , �.� :H VD\ WKDW 7 LQ %>+@ LV VHPL�)UHGKROP LI LW LV HLWKHU OHIW
RU ULJKW VHPL�)UHGKROP� DQG )UHGKROP LI LW LV ERWK OHIW DQG ULJKW VHPL�)UHGKROP�
/HW )C EH WKH FODVV RI DOO OHIW VHPL�)UHGKROP RSHUDWRUV DQG OHW )U EH WKH FODVV RI
DOO ULJKW VHPL�)UHGKROP RSHUDWRUV�

)C  
j
7 � %>+@ � 67  , �. IRU VRPH 6 � %>+@ DQG VRPH . � %� >+@

k
�

)U  
j
7 � %>+@ � 76  , �. IRU VRPH 6 � %>+@ DQG VRPH . � %� >+@

k
�

7KH FODVVHV RI DOO VHPL�)UHGKROP DQG )UHGKROP RSHUDWRUV IURP %>+@ ZLOO EH GHQRWHG
E\ 6) DQG ) � UHVSHFWLYHO\�

6)  )C > )U DQG )  )C ? )U�

,W LV FOHDU WKDW

7 � )C LI DQG RQO\ LI 7 e � )U�

7KXV 7 � 6) LI DQG RQO\ LI 7 e � 6) � DQG 7 � ) LI DQG RQO\ LI 7 e � ) � 5HFDOO
WKH IROORZLQJ HOHPHQWDU\ SURSHUWLHV LQYROYLQJ NHUQHO DQG UDQJH RI D +LOEHUW VSDFH
RSHUDWRU DQG LWV DGMRLQW �VHH H�J�� >��� SS��������@��

1 �7 e�  +k5�7 �b  5�7 �"�

5�7 e� LV FORVHG LI DQG RQO\ LI 5�7 � LV FORVHG�
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3URSRVLWLRQ ���� >�� S����@� $Q RSHUDWRU 7 � %>+@ LV OHIW VHPL�)UHGKROP LI DQG

RQO\ LI 5�7 � LV FORVHG DQG 1 �7 � LV pQLWH�GLPHQVLRQDO�

7KHUHIRUH� VLQFH WKDW 7 � )C LI DQG RQO\ LI 7
e � )U�

)C  
j
7 � %>+@ � 5�7 � LV FORVHG DQG GLP 1 �7 � � �

k
�

)U  
j
7 � %>+@ � 5�7 � LV FORVHG DQG GLP 1 �7 e� � �

k
�

&RUROODU\ ���� 7DNH DQ\ RSHUDWRU 7 LQ %>+@� ,W LV VHPL�)UHGKROP LI DQG RQO\ LI

5�7 � LV FORVHG DQG 1 �7 � RU 1 �7 e� LV pQLWH�GLPHQVLRQDO� ,W LV )UHGKROP LI DQG

RQO\ LI 5�7 � LV FORVHG DQG ERWK 1 �7 � DQG 1 �7 e� DUH pQLWH�GLPHQVLRQDO�

7KXV� DFFRUGLQJ WR &RUROODU\ ���� WKH FODVV RI DOO )UHGKROP RSHUDWRUV LV JLYHQ E\

)  
j
7 � %>+@ � 5�7 � LV FORVHG� GLP 1 �7 � � � DQG GLP 1 �7 e� � �

k

DQG LWV FRPSOHPHQW�

%>+@Q)  %>+@Q�)C ? )U�  �%>+@Q)C� > �%>+@Q)U��

LV WKH XQLRQ RI

%>+@Q)C  
j
7 � %>+@ � 5�7 � LV QRW FORVHG RU GLP 1 �7 �  �

k
�

%>+@Q)U  
j
7 � %>+@ � 5�7 � LV QRW FORVHG RU GLP 1 �7 e�  �

k
�

�� ) U HGKRO P ,QGH[

/HW = EH WKH VHW RI DOO LQWHJHUV DQG SXW =  = > Ib�J > I��J� WKH VHW RI DOO
H[WHQGHG LQWHJHUV� 7DNH DQ\ RSHUDWRU 7 LQ 6) VR WKDW 1 �7 � RU 1 �7 e� LV pQLWH�
GLPHQVLRQDO� 7KH )UHGKROP LQGH[ LQG �7 � RI DQ\ 7 LQ 6) LV GHpQHG LQ = E\

LQG �7 �  GLP 1 �7 �b GLP 1 �7 e��

,W LV XVXDO WR ZULWH

o�7 �  GLP 1 �7 � DQG p�7 �  GLP 1 �7 e�

VR WKDW
LQG �7 �  o�7 �b p�7 ��

6LQFH 7 e DQG 7 OLH LQ 6) WRJHWKHU� ZH JHW LQG �7 e�  bLQG �7 �� 1RWH WKDW

p�7 �  o�7 e�  GLP5�7 �"  GLP�+k5�7 �b��

5HPDUN ���� �)LQLWH�GLPHQVLRQDO�� 7DNH DQ DUELWUDU\ 7 � %>+@ DQG UHFDOO WKDW

GLP+  GLP 1 �7 � � GLP5�7 � DQG GLP+  GLP5�7 � � GLP5�7 �"�

+HQFH� LI + LV pQLWH�GLPHQVLRQDO� WKHQ LQG �7 �  �� ,QGHHG�

GLP 1 �7 �b GLP5�7 �"  GLP 1 �7 � � GLP5�7 �b GLP+  GLP+b GLP+  ��

%XW OLQHDU PDQLIROGV RI pQLWH�GLPHQVLRQDO VSDFHV DUH FORVHG� DQG WKHUHIRUH RQ D
pQLWH�GLPHQVLRQDO VSDFH HYHU\ RSHUDWRU LV )UHGKROP ZLWK D QXOO LQGH[�

GLP+ � �  �
j
7 � ) � LQG �7 �  �

k
 %>+@�



) 5(' +2 / 0 7+(2 5< ,1 +,/ %(57 6 3$&( �

5HPDUN ���� �)UHGKROP $OWHUQDWLYH�� ,I . � %� >+@ DQG y � �� WKHQ

5�y, b.� LV FORVHG DQG GLP 1 �y, b.�  GLP 1 �y, b.e� � ��

7KLV LV WKH VR�FDOOHG )UHGKROP $OWHUQDWLYH IRU FRPSDFW RSHUDWRUV �VHH H�J�� >�� S���@�
>�� S����@ RU >��� S����@�� ZKLFK FDQ EH UHVWDWHG LQ WHUPV RI )UHGKROP LQGLFHV�

,I . � %� >+@ DQG y � �� WKHQ y, b. LV )UHGKROP ZLWK LQG �y, b.�  ��

5HPDUN ���� 2EVHUYH WKDW &RUROODU\ ��� DQG VRPH RI LWV VWUDLJKWIRUZDUG FRQVH�
TXHQFHV FDQ DOVR EH QDWXUDOO\ UHSKUDVHG LQ WHUPV RI )UHGKROP LQGLFHV�

�D� $Q RSHUDWRU 7 � %>+@ LV VHPL�)UHGKROP LI DQG RQO\ LI 5�7 � LV FORVHG DQG

o�7 � RU p�7 � LV pQLWH� DQ RSHUDWRU 7 � %>+@ LV )UHGKROP LI DQG RQO\ LI 5�7 �
LV FORVHG DQG ERWK o�7 � DQG p�7 � DUH pQLWH�

1RWH WKDW o�7 � DQG p�7 � DUH ERWK pQLWH LI DQG RQO\ LI LQG �7 � LV pQLWH �UHDVRQ� o
DQG p ZHUH GHpQHG IRU VHPL�)UHGKROP RSHUDWRUV VR WKDW LI RQH LV h�� WKHQ WKH
RWKHU PXVW EH pQLWH�� 7KHUHIRUH�

�E� 7 LV )UHGKROP LI DQG RQO\ LI LW LV VHPL�)UHGKROP ZLWK pQLWH )UHGKROP LQGH[�

$ QRQ]HUR VFDODU RSHUDWRU �L�H�� D QRQ]HUR PXOWLSOH RI WKH LGHQWLW\� LV )UHGKROP ZLWK
D QXOO )UHGKROP LQGH[ �E\ &RUROODU\ ����� 7KLV LV UHDGLO\ JHQHUDOL]HG DV IROORZV�

�F� ,I 7 � ) � WKHQ q 7 � ) DQG LQG �q 7 �  LQG �7 � IRU HYHU\ q � &QI�J�

3URSRVLWLRQ ���� >�� S����@�

6� 7 � )C  � 67 � )C DQG LQG �67 �  LQG �6� � LQG �7 ��

&RUROODU\ ���� 7DNH DQ DUELWUDU\ QRQQHJDWLYH LQWHJHU Q�

7 � )  � 7Q � ) DQG LQG �7Q�  Q LQG �7 ��

3URRI� 7KH UHVXOW KROGV WULYLDOO\ IRU Q  � �FI� &RUROODU\ ���� DQG WDXWRORJLFDOO\ IRU
Q  �� 7KXV VXSSRVH Q y �� 3URSRVLWLRQ ��� VD\V WKDW WKH FODLPHG UHVXOW KROGV IRU
Q  � LI ) LV UHSODFHG ZLWK )C� 7KHQ D WULYLDO LQGXFWLRQ HQVXUHV WKDW LW KROGV IRU
HDFK Q y �� LI ) LV VWLOO UHSODFHG ZLWK )C� 7KDW LV� IRU HYHU\ LQWHJHU Q y ��

7 � )C  � 7Q � )C DQG LQG �7Q�  Q LQG �7 ��

6XSSRVH 7 � )  )C ? )U� 7KH DERYH LPSOLFDWLRQ KROGV DQG� VLQFH 7
e � )C� LW DOVR

KROGV IRU 7 e VR WKDW 7 eQ � )C� 7KXV 7
Q � )U� DQG KHQFH 7

Q � )  )C ? )U� e

7KH QXOO RSHUDWRU RQ DQ LQpQLWH�GLPHQVLRQDO VSDFH LV QRW )UHGKROP� DQG VR D
FRPSDFW RSHUDWRU PD\ QRW EH )UHGKROP� +RZHYHU� WKH VXP RI D )UHGKROP DQG D
FRPSDFW LV D )UHGKROP RSHUDWRU ZLWK WKH VDPH LQGH[�

3URSRVLWLRQ ���� >�� S���@

7 � ) DQG . � %� >+@  � 7 �. � ) DQG LQG �7 �.�  LQG �7 ��



� &�6 � . 8%586 / <

$:H\O RSHUDWRU LV D VHPL�)UHGKROP RSHUDWRU ZLWK QXOO )UHGKROP LQGH[� (TXLYD�
OHQWO\� D :H\O RSHUDWRU LV D )UHGKROP RSHUDWRU ZLWK QXOO )UHGKROP LQGH[ �FI� 5HPDUN
����E��� /HW : GHQRWH WKH FODVV RI DOO :H\O RSHUDWRUV IURP %>+@�

:  
j
7 � ) � LQG �7 �  �

k
�

6LQFH 7 � ) LI DQG RQO\ LI 7 e � ) DQG LQG �7 e�  bLQG �7 �� LW IROORZV WKDW 7 � :
LI DQG RQO\ LI 7 e � : � 2EVHUYH IURP 5HPDUN ��� WKDW HYHU\ RSHUDWRU RQ D pQLWH�
GLPHQVLRQDO VSDFH LV D :H\O RSHUDWRU�

GLP+ � �  � :  %>+@�

0RUHRYHU� WKH )UHGKROP $OWHUQDWLYH LQ 5HPDUN ��� FDQ EH UHSKUDVHG DV IROORZV� ,I
. LV D FRPSDFW RSHUDWRU� WKHQ y, b. LV D :H\O RSHUDWRU IRU HYHU\ QRQ]HUR y�

. � %� >+@ DQG y � �  � �y, b.� � : �

$OVR� E\ 5HPDUN ����F�� HYHU\ QRQ]HUR PXOWLSOH RI D :H\O RSHUDWRU LV DJDLQ D :H\O
RSHUDWRU� LQ SDUWLFXODU� HYHU\ QRQ]HUR VFDODU RSHUDWRU LV D :H\O RSHUDWRU� ,Q IDFW�
WKH SURGXFW RI D FRXSOH RI :H\O RSHUDWRUV LV DJDLQ D :H\O RSHUDWRU �E\ 3URSRVLWLRQ
����� 1RWH WKDW HYHU\ FRPSDFW )UHGKROP RSHUDWRU LV D :H\O RSHUDWRU E\ 3URSRVL�
WLRQV ��� DQG ���� $OVR QRWH WKDW HYHU\ VHOI�DGMRLQW RSHUDWRU ZLWK D FORVHG UDQJH
DQG D pQLWH�GLPHQVLRQDO NHUQHO LV D :H\O RSHUDWRU� $FWXDOO\� HYHU\ QRUPDO RSHUDWRU
ZLWK D FORVHG UDQJH DQG D pQLWH�GLPHQVLRQDO NHUQHO LV D :H\O RSHUDWRU �UHDVRQ� VLQFH
1 �7 �  1 �7 e7 �� VR WKDW 1 �7 e�  1 �7 7 e�� IRU HYHU\ 7 � %>+@ _ VHH H�J�� >���
S����@ _ LW IROORZV WKDW 1 �7 e�  1 �7 � ZKHQHYHU 7 LV QRUPDO��

�� (VVHQW LDO 6SHF W U XP

7KH OHIW VSHFWUXP �C�7 � DQG ULJKW VSHFWUXP �U�7 � RI 7 � %>+@ DUH GHpQHG E\
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y � & � y, b 7 LV QRW OHIW LQYHUWLEOH
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y � & � y, b 7 LV QRW ULJKW LQYHUWLEOH
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VR WKDW
��7 �  

j
y � & � y, b 7 LV QRW LQYHUWLEOH
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 �C�7 � > �U�7 ��

1RWH WKDW WKH OHIW VSHFWUXP FRLQFLGHV ZLWK WKH SRLQW VSHFWUXP �3 �7 � �L�H�� ZLWK WKH
VHW RI DOO HLJHQYDOXHV RI 7 �� ,Q IDFW�

�C�7 �  �3 �7 � DQG �U�7 �  ��7 �Q�3 � �7 ��

ZKHUH �3 � �7 �  
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y � �3 �7 � � 5�y, b 7 �b  5�y, b 7 �  +
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RU� HTXLYDOHQWO\�

�3 � �7 �  
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y � �3 �7 � � 5�y, b 7 �  +
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_ VHH GLDJUDP RI 6HFWLRQ � _ DQG KHQFH

�C�7 � ? �U�7 �  �3 �7 �Q�3 � �7 ��

&RQVLGHU WKH &DONLQ DOJHEUD %>+@ %� >+@ �L�H�� WKH TXRWLHQW DOJHEUD RI %>+@
PRGXOR WKH LGHDO %� >+@ RI DOO FRPSDFW RSHUDWRUV�� ZKLFK LV D XQLWDO %DQDFK DOJHEUD
ZKHQHYHU + LV LQpQLWH�GLPHQVLRQDO� ,Q WKLV FDVH� OHW } � %>+@� %>+@ %� >+@ EH WKH
QDWXUDO PDS IURP %>+@ WR %>+@ %� >+@ �L�H�� }�7 �  >7 @  7 � %� >+@ IRU HYHU\
7 LQ %>+@�� 7KH HVVHQWLDO VSHFWUXP �RU WKH &DONLQ VSHFWUXP� �H�7 � RI 7 � %>+@ LV
WKH VSHFWUXP RI }�7 � LQ WKH &DONLQ DOJHEUD %>+@ %� >+@� WKDW LV�

�H�7 �  ��}�7 ���
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6LPLODUO\� WKH OHIW HVVHQWLDO VSHFWUXP �CH�7 � DQG ULJKW HVVHQWLDO VSHFWUXP �UH�7 � RI
7 � %>+@ DUH GHpQHG DV WKH OHIW DQG ULJKW VSHFWUXP RI }�7 � LQ WKH &DONLQ DOJHEUD
%>+@ %� >+@� UHVSHFWLYHO\� WKDW LV�

�CH�7 �  �C�}�7 �� DQG �UH�7 �  �U�}�7 ���

DQG VR
�H�7 �  �CH�7 � > �UH�7 ��

3URSRVLWLRQ ���� >�� S����@� ,I 7 � %>+@� WKHQ
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y � & � 5�y, b 7 � LV QRW FORVHG RU GLP 1 �y, b 7 �  �
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�UH�7 �  
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y � & � 5�y, b 7 � LV QRW FORVHG RU GLP 1 �y, b 7 e�  �
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/HW WKH HVVHQWLDO SRLQW VSHFWUXP �3H�7 � RI 7 � %>+@ EH WKH SRLQW VSHFWUXP RI
}�7 � LQ WKH &DONLQ DOJHEUD %>+@ %� >+@�

�3H�7 �  �3 �}�7 ���

DQG SXW �3 � H�7 �  �3 � �}�7 �� VR WKDW� E\ 3URSRVLWLRQ ����

�&�7 � v �CH�7 �  �3H�7 � v ��7 �Q�5 � �7 �  �$3 �7 ��

�&�7 � v �UH�7 �  �H�7 �Q�3 � H�7 � v ��7 �Q�3 � �7 �  �$3 �7
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y � ��7 � � 5�y, b 7 �b 5�y, b 7 � � + DQG 1 �y, b 7 �  I�J
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DQG �3 � �7 �  
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y � ��7 � � 5�y, b 7 �  + DQG 1 �y, b 7 � � I�J
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_ VHH GLDJUDP

RI 6HFWLRQ � _ VR WKDW

�&�7 � v �CH�7 � ? �UH�7 �  �3H�7 �Q�3 � H�7 � v ��7 �
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�3 � �7 � > �5 � �7 �
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&RUROODU\ ���� �$WNLQVRQ 7KHRUHP��

�H�7 �  
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3URRI� $FFRUGLQJ WR 3URSRVLWLRQ ����

�CH�7 �  
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y � & � �y, b 7 � � %>+@Q)C
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�UH�7 �  
j
y � & � �y, b 7 � � %>+@Q)U
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y � & � �y, b 7 �  � )U
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6LQFH �H�7 �  �CH�7 � > �UH�7 � DQG )  )C ? )U� ZH JHW WKH GHVLUHG LGHQWLW\� e

2EVHUYH WKDW ZKDW WKH $WNLQVRQ 7KHRUHP VD\V LV WKDW DQ RSHUDWRU 7 LV )UHGKROP

LI DQG RQO\ LI LWV LPDJH }�7 � LQ WKH &DONLQ DOJHEUD %>+@ %� >+@ LV LQYHUWLEOH �VHH
H�J�� >��� 3UREOHP ���@�� 7KLV LV XVXDOO\ UHIHUUHG WR E\ VD\LQJ WKDW 7 LV HVVHQWLDOO\
LQYHUWLEOH� 7KXV WKH HVVHQWLDO VSHFWUXP LV WKH VHW RI DOO VFDODUV y IRU ZKLFK �y, b 7 �
LV QRW D )UHGKROP RSHUDWRU �L�H�� QRW HVVHQWLDOO\ LQYHUWLEOH�� DQG VR WKH HVVHQWLDO
VSHFWUXP LV DOVR FDOOHG )UHGKROP VSHFWUXP� 6LQFH DQ RSHUDWRU OLHV LQ ) WRJHWKHU
ZLWK LWV DGMRLQW� LW IROORZV E\ &RUROODU\ ��� WKDW y � �H�7 � LI DQG RQO\ LI y � �H�7

e��

�H�7 �  �H�7
e�e�

,W LV FOHDU IURP 3URSRVLWLRQ ��� WKDW

�H�7 � v ��7 ��
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5HPDUN ���� 7DNH DQ DUELWUDU\ 7 � %>+@� 6LQFH �H�7 �  ��}�7 �� LI + LV LQpQLWH�
GLPHQVLRQDO� LW IROORZV WKDW

GLP+  �  � �H�7 � � "�

DQG WKH FRQYHUVH KROGV E\ 5HPDUN ��� DQG &RUROODU\ ����

GLP+ � �  � �H�7 �  "�

,Q ERWK FDVHV �H�7 � LV D FRPSDFW VHW DQG� E\ 3URSRVLWLRQ ��� DQG &RUROODU\ ����
�H�7 �.�  �H�7 � _ LQGHHG� }�7 �.�  }�7 � _ IRU DOO . � %� >+@�

�� 6SHF W U DO 3LF W XU H

7DNH DQ\ RSHUDWRU 7 LQ %>+@� )RU HDFK N � =QI�J SXW
�N�7 �  
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y � & � �y, b 7 � � 6) DQG LQG �y, b 7 �  N
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5HFDOO WKDW �y, b 7 � � 6) LI DQG RQO\ LI �y, b 7 e� � 6) ZLWK LQG �y, b 7 �  
bLQG �y, b 7 e�� DQG VR y � �N�7 � LI DQG RQO\ LI y � �bN�7

e�� 7KXV� IRU N � =QI�J�
�N�7 �  �bN�7

e�e�

7KHVH �N�7 � DUH RSHQ VXEVHWV RI & IRU HDFK QRQ]HUR N LQ = >�� S����@� ,I y � �� � �7 ��
WKHQ � x GLP 1 �y, b 7 e� � GLP 1 �y, b 7 �  �� ZKLFK LPSOLHV WKDW y LV DQ HLJHQ�
YDOXH RI 7 RI LQpQLWH PXOWLSOLFLW\� 'XDOO\� ,I y � �b� �7 �  �� � �7

e�e� WKHQ y LV DQ
HLJHQYDOXH RI 7 e RI LQpQLWH PXOWLSOLFLW\� +HQFH�

�� � �7 � v �3 �7 � DQG �b� �7 � v �3 �7
e�e�

1RZ WDNH DQ DUELWUDU\ QRQ]HUR LQWHJHU N � =QI�J� ,I N ! � DQG y � �N�7 �� WKHQ
� � LQG �y, b 7 � � �� DQG VR � x GLP 1 �y, b 7 e� � GLP 1 �y, b 7 � � �� ZKLFK
LPSOLHV � � GLP 1 �y, b 7 � � � VR WKDW y LV DQ HLJHQYDOXH RI 7 RI pQLWH PXOWLSOLFLW\�
'XDOO\� LI N � � �L�H�� bN ! �� DQG y � �N�7 �  �bN�7

e�e� WKHQ y LV DQ HLJHQYDOXH
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7KH SDUWLWLRQ RI WKH VSHFWUXP ��7 � REWDLQHG LQ WKH QH[W SURSRVLWLRQ LV FDOOHG
WKH VSHFWUDO SLFWXUH RI 7 >��@�
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6LQFH
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ZH JHW WKH FODLPHG SDUWLWLRQ RI WKH VSHFWUXP ��7 �� 7KH SDUWLWLRQ RI WKH HVVHQWLDO
VSHFWUXP �H�7 � LQWR
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�CH�7 � ? �UH�7 �

c
> �� � �7 � > �b� �7 � LV UHDGLO\ YHULpHG E\

WKH SURRI RI &RUROODU\ ���� e

5HFDOO WKDW �N�7 � LV DQ RSHQ VXEVHW RI & IRU HDFK N � =QI�J� 7KH SDLUZLVH GLV�
MRLQW VHWV I�N�7 �JN � =QI�J� ZKLFK DUH VXEVHWV RI ��7 �Q�H�7 �� DUH FDOOHG WKH KROHV LQ
WKH HVVHQWLDO VSHFWUXP �H�7 �� ZKLOH �h� �7 �� ZKLFK DUH VXEVHWV RI �H�7 �� DUH FDOOHG
WKH SVHXGRKROHV LQ �H�7 �� 7KXV WKH VSHFWUDO SLFWXUH RI 7 FRQVLVWV RI WKH HVVHQWLDO
VSHFWUXP �H�7 �� WKH KROHV �N�7 � DQG SVHXGRKROHV �h� �7 � �WR HDFK LV DVVRFLDWHG D
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QRQ]HUR LQGH[ N LQ =QI�J�� DQG WKH VHW ���7 �  Iy � ��7 � � �y, b 7 � � : J� ,W LV
ZRUWK QRWLFLQJ WKDW DQ\ VSHFWUDO SLFWXUH FDQ EH DWWDLQHG >�@ E\ DQ RSHUDWRU LQ %>+@�

�� 5LHV] 3RLQW V

7KH VHW ���7 � ZLOO SOD\ D UDWKHU LPSRUWDQW UROH LQ WKH VHTXHO� ,W FRQVLVWV RI DQ
RSHQ VHW ���7 � DQG WKH VHW }��7 � RI LVRODWHG SRLQWV RI ��7 � IRU ZKLFK WKH 5LHV]
LGHPSRWHQWV KDYH pQLWH UDQN >�� S����@� 7KH QH[W SURSRVLWLRQ VD\V WKDW }��7 � LV
SUHFLVHO\ WKH VHW RI DOO LVRODWHG SRLQWV RI ��7 � WKDW OLH LQ ���7 ��

3URSRVLWLRQ ���� >�� S����@� ,I y LV DQ LVRODWHG SRLQW RI ��7 �� WKHQ WKH IROORZLQJ

DVVHUWLRQV DUH SDLUZLVH HTXLYDOHQW�

�D� y � ���7 ��

�E� y  � �CH�7 � ? �UH�7 ��

�F� 7KH 5LHV] LGHPSRWHQW (y KDV pQLWH UDQN�

5HFDOO WKH GHpQLWLRQ RI 5LHV] LGHPSRWHQWV DVVRFLDWHG ZLWK LVRODWHG SRLQWV RI WKH
VSHFWUXP� /HW y EH DQ LVRODWHG SRLQW RI ��7 � DQG FRQVLGHU WKH VSHFWUDO SURMHFWLRQ
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b �
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ZKHUH by LV D SRVLWLYHO\ �L�H�� FRXQWHUFORFNZLVH� RULHQWHG FLUFOH HQFORVLQJ y EXW QR
RWKHU SRLQW RI ��7 �� �7KLV LV D VWUDLJKWIRUZDUG JHQHUDOL]DWLRQ RI WKH 5LHPDQQ
LQWHJUDO RI D VFDODU�YDOXHG IXQFWLRQ RQ by� ZKLFK H[WHQGV QDWXUDOO\ IRU DQ\ YHFWRU�
YDOXHG IXQFWLRQ DQG� LQ SDUWLFXODU� IRU DQ\ IXQFWLRQ IURP by WR WKH %DQDFK VSDFH
%>+@�� 7KH RSHUDWRU (y � + � + LV LQGHHG D SURMHFWLRQ �L�H�� D OLQHDU LGHPSRWHQW�
ERXQGHG EXW QRW QHFHVVDULO\ RUWKRJRQDO� WKDW FRPPXWHV ZLWK HYHU\ RSHUDWRU WKDW
FRPPXWHV ZLWK 7 � VR WKDW WKH 5�(y� LV 7 �LQYDULDQW� 0RUHRYHU� ��7 M5 �( � ��  IyJ�
7KH VSHFWUDO SURMHFWLRQ (y LV WKH 5LHV] LGHPSRWHQW FRUUHVSRQGLQJ WR y >�� S����@�

7KXV }��7 � LV D VXEVHW RI �3 
 �7 � FRQVLVWLQJ RI WKRVH LVRODWHG SRLQWV y RI WKH
VSHFWUXP IRU ZKLFK 5�(y� LV pQLWH�GLPHQVLRQDO RU� HTXLYDOHQWO\� FRQVLVWLQJ RI WKRVH
LVRODWHG SRLQWV RI WKH VSHFWUXP WKDW OLH LQ ���7 �� 6XPPLQJ XS�

���7 �  ���7 � > }��7 ��

ZKHUH ���7 � LV DQ RSHQ VXEVHW RI WKH FRPSOH[ SODQH LQFOXGHG LQ �3 
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y � �3 �7 � � y LV DQ LVRODWHG SRLQW RI ��7 � DQG GLP5�(y� � �

k

 
j
y � �3 �7 � � y LV DQ LVRODWHG SRLQW RI ��7 � DQG y  �

b
�CH�7 � ? �UH�7 �

ck

 
j
y � �3 �7 � � y LV DQ LVRODWHG SRLQW RI ��7 � DQG y � ���7 �

k

 
j
y � �3 
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7KH VHW }��7 � LV FDOOHG WKH VHW RI 5LHV] SRLQWV RI 7 � ZKLFK LV VRPHWLPHV DOVR UHIHUUHG
WR DV WKH VHW RI LVRODWHG HLJHQYDOXHV RI 7 RI pQLWH DOJHEUDLF PXOWLSOLFLW\�

)RU DQ\ RSHUDWRU 7 OHW �LV R�7 � GHQRWH WKH VHW RI DOO LVRODWHG SRLQWV RI ��7 ��
DQG VR �DFF�7 �  ��7 �Q�LV R�7 �� LWV FRPSOHPHQW LQ ��7 �� LV SUHFLVHO\ WKH VHW RI DOO
DFFXPXODWLRQ SRLQWV RI ��7 �� 7KXV WKH 5LHV] SRLQWV RI 7 FDQ EH VLPSO\ ZULWWHQ DV



) 5(' +2 / 0 7+(2 5< ,1 +,/ %(57 6 3$&( ��

}��7 �  �LV R�7 � ? ���7 ��

1RZ OHW }���7 � GHQRWH WKH VHW RI DOO LVRODWHG HLJHQYDOXHV RI 7 RI pQLWH PXOWLSOLFLW\�

}���7 �  �LV R�7 � ? �3) �7 ��

ZKLFK LV VRPHWLPHV DOVR UHIHUUHG WR DV WKH VHW RI LVRODWHG HLJHQYDOXHV RI 7 RI pQLWH
JHRPHWULF PXOWLSOLFLW\� 6LQFH ���7 � v �3) �7 �� LW LV FOHDU WKDW

}��7 � v }���7 ��

3URSRVLWLRQ ���� }��7 �  
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y � }���7 � � 5�y, b 7 � LV FORVHG

k
�

3URRI� ,I y � }��7 �� WKHQ y � }���7 � DQG 5�y, b 7 � LV FORVHG �EHFDXVH y � ���7 ���
&RQYHUVHO\� VXSSRVH 5�y, b 7 � LV FORVHG DQG y � }���7 �� 7KXV �y, b 7 � � )C

�VLQFH 5�y, b 7 � LV FORVHG DQG GLP 1 �y, b 7 � � �� VR WKDW y  � �CH�7 �� DQG KHQFH
y  � �CH�7 � ? �UH�7 �� ZKLFK PHDQV WKDW y � }��7 � E\ 3URSRVLWLRQ ���� �5HFDOO WKDW
y LV DQ LVRODWHG SRLQW RI ��7 � VLQFH LW OLHV LQ }���7 ��� e

�� : H\O 6SHF W U XP

7KH :H\O VSHFWUXP RI DQ RSHUDWRU 7 � %>+@ LV WKH VHW
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?
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ZKLFK LV WKH ODUJHVW SDUW RI ��7 � WKDW UHPDLQV XQFKDQJHG XQGHU FRPSDFW SHUWXU�
EDWLRQV� &OHDUO\� �Z�7 �  �Z�7 �.� IRU DOO . � %� >+@� $QRWKHU FKDUDFWHUL]DWLRQ
RI LW LV JLYHQ E\ WKH 6FKHFKWHU 7KHRUHP �FI� >��@� >��@� DV LQ 3URSRVLWLRQ ��� EHORZ�

3URSRVLWLRQ ���� >�� S����@� ,I 7 � %>+@� WKHQ

�Z�7 �  �H�7 � >
>

N � =QI�J

�N�7 ��

6LQFH �N�7 � v ��7 �Q�H�7 � IRU DOO N � =� LW IROORZV E\ 3URSRVLWLRQ ��� WKDW�

�Z�7 �Q�H�7 �  
>

N � =QI�J

�N�7 � DQG �H�7 �  �Z�7 � ��
>

N � =QI�J

�N�7 �  "�

&RUROODU\ ���� �Z�7 �  
j
y � & � �y, b 7 �  � :

k
�

3URRI� y � �Z�7 � LI DQG RQO\ LI HLWKHU y � �H�7 � RU y � �N�7 � IRU VRPH N � � LQ =
E\ 3URSRVLWLRQ ���� 7KXV y � �Z�7 � LI DQG RQO\ LI HLWKHU �y, b 7 �  � ) �&RUROODU\
���� RU �y, b 7 � � ) ZLWK LQG �y, b 7 � � �� ZKLFK PHDQV WKDW �y, b 7 �  � : � e

7KHQ WKH :H\O VSHFWUXP �Z�7 � LV WKH VHW RI DOO VFDODUV y IRU ZKLFK �y, b 7 � LV
QRW D :H\O RSHUDWRU �L�H�� IRU ZKLFK �y, b 7 � LV QRW D )UHGKROP RSHUDWRU RI LQGH[
]HUR�� 6LQFH DQ RSHUDWRU OLHV LQ : WRJHWKHU ZLWK LWV DGMRLQW� LW IROORZV E\ &RUROODU\
��� WKDW y � �Z�7 � LI DQG RQO\ LI y � �Z�7

e��

�Z�7 �  �Z�7
e�e�
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5HFDOO WKDW WKH HVVHQWLDO �RU &DONLQ� RU )UHGKROP� VSHFWUXP �H�7 � LV WKH VHW RI DOO
VFDODUV y IRU ZKLFK �y, b 7 � LV QRW D )UHGKROP RSHUDWRU� 7KHUHIRUH�

�H�7 � v �Z�7 � v ��7 �

VLQFH LW LV FOHDU WKDW �Z�7 � v ��7 � E\ WKH YHU\ GHpQLWLRQ RI �Z�7 �� ZKLFK FDQ DOVR
EH YHULpHG E\ &RUROODULHV ��� DQG ���� LI �y, b 7 �  � : � WKHQ HLWKHU �y, b 7 �  � ) �
DQG KHQFH y � �H�7 � v ��7 �� RU �y, b 7 � � ) DQG LQG �y, b 7 � � �� ZKLFK LPSOLHV
WKDW y � �N�7 � v ��7 � IRU VRPH N � =QI�J _ FI� 3URSRVLWLRQ ����

5HPDUN ���� 7DNH DQ DUELWUDU\ 7 � %>+@� %\ 5HPDUN ��� DQG &RUROODU\ ����

GLP+ � �  � �Z�7 �  "�

7KH FRQYHUVH KROGV E\ 5HPDUN ��� VLQFH �H�7 � v �Z�7 ��

GLP+  �  � �Z�7 � � "�

DQG �Z�7 � LV FRPSDFW EHFDXVH LW LV WKH LQWHUVHFWLRQ
7

. � % � >+ @ ��7 �.� RI FRPSDFW

VHWV� 7KH SUHFHGLQJ LPSOLFDWLRQ� 5HPDUN ��� �)UHGKROP $OWHUQDWLYH�� 5HPDUN ����
DQG &RUROODU\ ��� HQVXUH WKDW� LI GLP+  �� WKHQ

7 LV FRPSDFW  � �H�7 �  �Z�7 �  I�J�

0RUHRYHU� LI + LV VHSDUDEOH DQG LQpQLWH�GLPHQVLRQDO� WKHQ >�@

� � �Z�7 �  � 7 LV D FRPPXWDWRU

�L�H�� WKH H[LVW RSHUDWRUV $ DQG % VXFK WKDW 7  $% b%$��

$QRWKHU FKDUDFWHUL]DWLRQ RI WKH :H\O VSHFWUXP VD\V WKDW �Z�7 � LV SUHFLVHO\ WKH
FRPSOHPHQW RI ���7 � LQ ��7 ��

&RUROODU\ ���� �Z�7 �  ��7 �Q���7 ��

3URRI� ,PPHGLDWH IURP &RUROODU\ ��� DQG WKH YHU\ GHpQLWLRQ RI ���7 �� 7KDW LV�

�Z�7 �  
j
y � ��7 � � �y,b7 �  � :

k
DQG ���7 �  

j
y � ��7 � � �y,b7 � � :

k
� e

6LQFH �Z�7 � DQG ���7 � DUH ERWK VXEVHWV RI ��7 �� LW WKHQ IROORZV WKDW ���7 � LV
WKH FRPSOHPHQW RI �Z�7 � LQ ��7 ��

���7 �  ��7 �Q�Z�7 ��

DQG WKHUHIRUH I�Z�7 �� ���7 �J IRUPV D SDUWLWLRQ RI WKH VSHFWUXP ��7 ��

��7 �  �Z�7 � > ���7 � DQG �Z�7 � ? ���7 �  "�

7KXV �Z�7 �  ��7 � LI DQG RQO\ LI ���7 �  " DQG VR� E\ 3URSRVLWLRQ ����

�H�7 �  �Z�7 �  ��7 � ��
>

N � =
�N�7 �  "�

&RUROODU\ ���� }��7 �  �LV R�7 �Q�Z�7 �  �LV R�7 �Q�H�7 �

 }���7 �Q�Z�7 �  }���7 �Q�H�7 ��
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3URRI� 6LQFH ���7 �  ��7 �Q�Z�7 � E\ &RUROODU\ ���� ZH JHW WKH pUVW LGHQWLW\�

�LV R�7 �Q�Z�7 �  �LV R�7 � ?
b
��7 �Q�Z�7 �

c
 �LV R�7 � ? ���7 �  }��7 ��

3URSRVLWLRQ ��� VD\V WKDW �Z�7 �  �H�7 � >*�7 �� ZKHUH *�7 � LV D VXEVHW RI ��7 �
WKDW LV RSHQ LQ & �XQLRQ RI RSHQ VHWV�� 7KXV

�LV R�7 �Q�Z�7 �  �LV R�7 �
sb

�H�7 � >*�7 �
c
 
b
�LV R�7 �Q�H�7 �

c
?
b
�LV R�7 �Q*�7 �

c
�

6LQFH *�7 � LV D VXEVHW RI ��7 � WKDW LV RSHQ LQ &� LW IROORZV WKDW �LV R�7 � ?*�7 �  "�
+HQFH �LV R�7 �Q*�7 �  �LV R�7 �� DQG VR

�LV R�7 �Q�Z�7 �  �LV R�7 �Q�H�7 ��

ZKLFK SURYHV WKH VHFRQG LGHQWLI\� )LQDOO\� WR YHULI\ WKH UHPDLQLQJ LGHQWLWLHV UHFDOO
WKDW }��7 � v }���7 � v �LV R�7 �� }��7 � v ���7 �  ��7 �Q�Z�7 � DQG �H�7 � v �Z�7 ��
7KXV WKH DERYH LGHQWLWLHV HQVXUH WKDW

}���7 �Q�Z�7 � v }���7 �Q�H�7 � v �LV R�7 �Q�H�7 �

 �LV R�7 �Q�Z�7 �  }��7 �  }��7 �Q�Z�7 � v }���7 �Q�Z�7 ��

DQG KHQFH
}��7 �  }���7 �Q�Z�7 �  }���7 �Q�H�7 �� e

7KH HTXLYDOHQW DVVHUWLRQV LQ WKH QH[W SURSRVLWLRQ GHpQH DQ LPSRUWDQW FODVV RI
RSHUDWRUV� $Q RSHUDWRU IRU ZKLFK DQ\ RI WKRVH HTXLYDOHQW DVVHUWLRQV KROGV LV VDLG WR
VDWLVI\ :H\O
V WKHRUHP� 7KLV ZLOO EH GLVFXVVHG ODWHU LQ 6HFWLRQ ���

3URSRVLWLRQ ���� )RU DQ\ 7 � %>+@ WKH DVVHUWLRQV EHORZ DUH SDLUZLVH HTXLYDOHQW�

�D� ��7 �Q�Z�7 �  }���7 ��

�E� ���7 �  }���7 ��

�F� ��7 �Q}���7 �  �Z�7 ��

3URRI� $FFRUGLQJ WR &RUROODU\ ��� ZH KDYH ��7 �Q�Z�7 �  ���7 �� 7KXV �D� DQG �E�
DUH HTXLYDOHQW� &RUROODU\ ��� VD\V WKDW ��7 �Q���7 �  �Z�7 �� DQG VR �E� LPSOLHV �F�
DQG� VLQFH }���7 � v ��7 �� LW IROORZV WKDW �F� LPSOLHV �E� DV ZHOO� ,QGHHG�

���7 �  ��7 �Q�Z�7 �  ��7 �
sb

��7 �Q}���7 �
c
 }���7 �� e

5HPDUN ���� ,I DQ\ RI WKH HTXLYDOHQW DVVHUWLRQV LQ 3URSRVLWLRQ ��� KROGV� WKHQ

}��7 �  }���7 ��

,QGHHG� VLQFH }��7 �  �LV R�7 � ? ���7 � DQG }���7 �  �LV R�7 � ? �3) �7 �� LW IROORZV
WKDW� LI ���7 �  }���7 �� WKHQ }��7 �  �LV R�7 � ? }���7 �  }���7 ��

�� $VF HQW DQG 'HVF HQW

7DNH DQ DUELWUDU\ RSHUDWRU 7 LQ %>+@� DQG OHW 1� EH WKH VHW RI DOO QRQQHJDWLYH
LQWHJHUV� )RU HYHU\ Q � 1��

1 �7Q� v 1 �7Q� �� DQG 5�7Q� �� v 5�7Q�

WULYLDOO\� 0RUHRYHU� LW LV UHDGLO\ YHULpHG E\ LQGXFWLRQ �VHH H�J�� >��� S����@� WKDW
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�D� LI 1 �7Q � � ��  1 �7Q � � IRU VRPH Q�� WKHQ 1 �7Q�  1 �7Q � � IRU DOO Q y Q��

�E� LI 5�7Q � � ��  5�7Q � � IRU VRPH Q�� WKHQ 5�7Q�  5�7Q � � IRU DOO Q y Q��

1RZ SXW 1�  1� >�� WKH VHW RI DOO H[WHQGHG QRQQHJDWLYH LQWHJHUV ZLWK LWV QDWXUDO
�H[WHQGHG� RUGHULQJ� 7KH DVFHQW RI 7 LV WKH OHDVW QRQQHJDWLYH LQWHJHU VXFK WKDW
1 �7Q� ��  1 �7Q��

DVF �7 �  PLQ
j
Q � 1� � 1 �7Q � ��  1 �7Q�

k
�

7KH GHVFHQW RI 7 LV WKH OHDVW QRQQHJDWLYH LQWHJHU VXFK WKDW 5�7Q� ��  5�7Q��

GVF �7 �  PLQ
j
Q � 1� � 5�7Q� ��  5�7Q�

k
�

1RWH WKDW DVF �7 �  � LI DQG RQO\ LI 7 LV LQMHFWLYH �L�H�� 1 �7 �  I�J� DQG GVF �7 �  �
LI DQG RQO\ LI 7 LV VXUMHFWLYH �L�H�� 5�7 �  +�� 7KH QH[W SURSRVLWLRQ H[KLELWV D
GXDOLW\ EHWZHHQ DVFHQW DQG GHVFHQW IRU )UHGKROP RSHUDWRUV >��@�

3URSRVLWLRQ ���� 7DNH DQ\ RSHUDWRU 7 LQ %>+@�

�D� DVF �7 � � � �� GVF �7 e� � �� DQG GVF �7 � � � �� DVF �7 e� � ��

�E� GVF �7 � � �  � DVF �7 e� x GVF �7 �� DQG GVF �7 e� � �  � DVF �7 � x GVF �7 e��

�F� ,I 7 � ) � WKHQ DVF �7 �  GVF �7 e� DQG GVF �7 �  DVF �7 e��

3URRI� :H VKDOO XVH IUHHO\ WKH UHODWLRQV EHWZHHQ UDQJH DQG NHUQHO� LQYROYLQJ DG�
MRLQWV DQG RUWKRJRQDO SURMHFWLRQV �VHH H�J�� >��� S����@�� 7DNH DQ\ RSHUDWRU 7 LQ
%>+@ DQG DQ DUELWUDU\ LQWHJHU Q LQ 1�� ,I DVF �7 �  �� WKHQ 1 �7Q� ~ 1 �7Q� �� VR
WKDW 1 �7Q� ��" ~ 1 �7Q�" RU� HTXLYDOHQWO\� 5�7 e�Q� ���b ~ 5�7 eQ�b� ZKLFK LP�
SOLHV WKDW 5�7 e�Q� ��� ~ 5�7 eQ�� DQG KHQFH GVF �7 e�  �� 'XDOO\� LI DVF �7 e�  ��
WKHQ GVF �7 �  �� 7KDW LV�

DVF �7 �  �  � GVF �7 e�  �� DQG DVF �7 e�  �  � GVF �7 �  ��

,I GVF �7 �  �� WKHQ 5�7Q� �� ~ 5�7Q� VR WKDW 5�7Q�" ~ 5�7Q� ��" RU� HTXLYD�
OHQWO\� 1 �7 eQ� ~ 1 �7 e�Q� ���� DQG KHQFH DVF �7 e�  �� 'XDOO\� LI GVF �7 e�  ��
WKHQ DVF �7 �  �� 7KDW LV�

GVF �7 �  �  � DVF �7 e�  �� DQG GVF �7 e�  �  � DVF �7 �  ��

6XPPLQJ XS�

�D� DVF �7 �  � �� GVF �7 e�  �� DQG GVF �7 �  � �� DVF �7 e�  ��

,I GVF �7 � � �� WKHQ SXW Q�  GVF �7 � LQ 1�� DQG WDNH DQ DUELWUDU\ LQWHJHU Q y Q��
7KXV 5�7Q�  5�7Q � �� DQG KHQFH 5�7Q�b  5�7Q � �b VR WKDW 1 �7 eQ�"  
1 �7 eQ � �"� ZKLFK LPSOLHV 1 �7 eQ�  1 �7 eQ � �� 7KHUHIRUH� DVF �7 e� x Q�� DQG VR
DVF �7 e� x GVF �7 �� 'XDOO\� LI GVF �7 e� � �� WKHQ DVF �7 � x GVF �7 e�� 7KDW LV�

�E� GVF �7 � � � � DVF �7 e� x GVF �7 �� DQG GVF �7 e� � � � DVF �7 � x GVF �7 e��

2Q WKH RWKHU KDQG� LI DVF �7 � � �� WKHQ SXW Q�  DVF �7 � LQ 1� DQG WDNH DQ\ LQWH�
JHU Q y Q�� 7KXV 1 �7Q�  1 �7Q � � RU� HTXLYDOHQWO\� 5�7 eQ�"  5�7 eQ � �" VR WKDW
5�7 eQ�b  5�7 eQ � �b� 1RZ ZH XVH WKH DVVXPSWLRQ WKDW 7 LV )UHGKROP� ,QGHHG�
LI 7 � ) � WKHQ 7Q � ) E\ &RUROODU\ ���� ZKLFK LPSOLHV WKDW 5�7Q� LV FORVHG� IRU
HYHU\ QRQQHJDWLYH LQWHJHU Q �E\ WKH ZD\� WKLV LV ZKDW LV DFWXDOO\ QHFHVVDU\� DQG VR
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LV 5�7 eQ� �VHH H�J�� >��� S����@�� 7KXV 5�7 eQ�  5�7 eQ � �� +HQFH GVF �7 e� x Q� VR
WKDW GVF �7 e� x DVF �7 �� 'XDOO\� LI DVF �7 e� � �� WKHQ GVF �7 � x DVF �7 e�� 7KDW LV�

�E�� DVF �7 � � � � GVF �7 e� x DVF �7 �� DQG DVF �7 e� � � � GVF �7 � x DVF �7 e��

7KHUHIRUH� VLQFH DVF �7 � � � LI DQG RQO\ LI GVF �7 e� � �� DQG GVF �7 � � � LI DQG
RQO\ LI DVF �7 e� � � E\ �D�� LW IROORZV E\ �E� DQG �E
� WKDW

�F� DVF �7 �  GVF �7 e� DQG GVF �7 �  DVF �7 e�

ZKHQHYHU 7 LV )UHGKROP� e

3URSRVLWLRQ ���� >��� SS��������@� /HW 7 EH DQ DUELWUDU\ RSHUDWRU LQ %>+@� ,I

DVF �7 � � � DQG GVF �7 � � �� WKHQ DVF �7 �  GVF �7 ��

3URSRVLWLRQ ���� >�@� 7DNH DQ\ RSHUDWRU 7 LQ %>+@�

�D� ,I GLP 1 �7 � � � RU GLP 1 �7 e� � �� WKHQ

�D�� DVF �7 � � � LPSOLHV GLP 1 �7 � x GLP 1 �7 e��

�D�� GVF �7 � � � LPSOLHV GLP 1 �7 e� x GLP 1 �7 ��

�E� ,I GLP 1 �7 �  GLP 1 �7 e� � �� WKHQ

DVF �7 � � � LI DQG RQO\ LI GVF �7 � � ��

&RUROODU\ ���� 6XSSRVH 7 � %>+@ LV D )UHGKROP RSHUDWRU�

�D� ,I DVF �7 � � � DQG GVF �7 � � �� WKHQ LQG �7 �  ��

�E� ,I LQG �7 �  �� WKHQ DVF �7 � � � LI DQG RQO\ LI GVF �7 � � ��

3URRI� ,PPHGLDWH IURP 3URSRVLWLRQ ���� e

$ %URZGHU RSHUDWRU LV D )UHGKROP RSHUDWRU ZLWK pQLWH DVFHQW DQG GHVFHQW� /HW
% GHQRWH WKH FODVV RI DOO %URZGHU RSHUDWRUV IURP %>+@�

%  
j
7 � ) � DVF �7 � � � DQG GVF �7 � � �

k
�

HTXLYDOHQWO\� DFFRUGLQJ WR 3URSRVLWLRQ ����

%  
j
7 � ) � DVF �7 �  GVF �7 � � �

k
�

7KXV
) Q%  

j
7 � ) � DVF �7 �  � RU GVF �7 �  �

k

DQG� E\ 3URSRVLWLRQ ���� 7 � % LI DQG RQO\ LI 7 e � %� 2EVHUYH WKDW� DFFRUGLQJ WR
&RUROODU\ ���� HYHU\ %URZGHU RSHUDWRU LV D :H\O RSHUDWRU�

% ~ : ~ ) �
DQG

7 � :  �
j
DVF �7 � � � �� GVF �7 � � �

k

VR WKDW
: Q%  

j
7 � : � DVF �7 �  GVF �7 �  �

k
�

6LQFH GLP 1 �7Q� x GLP 1 �7Q� �� x GLP+� LW IROORZV WKDW LI+ LV pQLWH�GLPHQVLRQDO�
WKHQ DVF �7 � � �� 7KXV� DFFRUGLQJ WR 5HPDUN ���� HYHU\ RSHUDWRU RQ D pQLWH�
GLPHQVLRQDO VSDFH LV D %URZGHU RSHUDWRU�
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5HFDOO WKDW ~�7 �  &Q��7 � LV WKH UHVROYHQW VHW RI 7 � DQG �LV R�7 �  ��7 �Q�DFF�7 �
LV WKH VHW RI DOO LVRODWHG SRLQWV RI WKH VSHFWUXP ��7 � _ WKH FRPSOHPHQW LQ ��7 �
RI WKH VHW �DFF�7 � RI DOO DFFXPXODWLRQ SRLQWV RI WKH VSHFWUXP� 7KH FODVV % RI DOO
%URZGHU RSHUDWRUV FDQ EH HTXLYDOHQWO\ GHVFULEHG DV IROORZV�

3URSRVLWLRQ ���� %  
j
7 � ) � � � ~�7 � > �LV R�7 �

k
�

3URRI� $Q RSHUDWRU 7 LQ %>+@ LV %URZGHU LI DQG RQO\ LI LW LV )UHGKROP DQG� y, b 7
LV LQYHUWLEOH IRU VXrFLHQWO\ VPDOO y � � >��@� (TXLYDOHQWO\� 7 LV )UHGKROP DQG� IRU
VRPH � ! �� y � ~�7 � IRU HYHU\ � � MyM � �� WKDW LV� %����QI�J ~ ~�7 �� ZKHUH %����
LV WKH RSHQ EDOO FHQWHUHG DW � ZLWK UDGLXV �� 6LQFH ~�7 � LV DQ RSHQ VXEVHW RI &� WKLV
VLPSO\ PHDQV WKDW HLWKHU � � ~�7 � RU � LV DQ LVRODWHG SRLQW RI ��7 �  &Q~�7 �� e

7KXV� VLQFH : Q%  : ? �) Q%�� ZH JHW IURP 3URSRVLWLRQ ��� WKDW

) Q%  
j
7 � ) � � � �DFF�7 �

k
DQG : Q%  

j
7 � : � � � �DFF�7 �

k
�

�� %U RZ GHU 6SHF W U XP

7KH %URZGHU VSHFWUXP RI DQ RSHUDWRU 7 � %>+@ LV WKH VHW

�E�7 �  
?

. � % � >+ @? I7J
�
��7 �.��

ZKHUH I7J� GHQRWH WKH FRPPXWDQW RI 7 �L�H�� WKH FROOHFWLRQ RI DOO RSHUDWRUV LQ
%>+@ WKDW FRPPXWH ZLWK 7 �� 7KXV �E�7 � LV WKH ODUJHVW SDUW RI ��7 � WKDW UHPDLQV
XQFKDQJHG XQGHU FRPSDFW SHUWXUEDWLRQV LQ WKH FRPPXWDQW RI 7 � DQG WKLV FRLQFLGHV
ZLWK WKH VHW RI DOO VFDODUV y IRU ZKLFK �y, b 7 � LV QRW D %URZGHU RSHUDWRU �L�H�� IRU
ZKLFK �y, b 7 � LV QRW D )UHGKROP RSHUDWRU ZLWK D pQLWH DVFHQW DQG D pQLWH GHVFHQW��

3URSRVLWLRQ ���� >�@� �E�7 �  
j
y � & � �y, b 7 � �� %

k
�

6LQFH DQ RSHUDWRU OLHV LQ % WRJHWKHU ZLWK LWV DGMRLQW� LW IROORZV E\ 3URSRVLWLRQ
��� WKDW y � �E�7 � LI DQG RQO\ LI y � �E�7

e��

�E�7 �  �E�7
e�e�

$OVR REVHUYH WKDW

�H�7 � v �Z�7 � v �E�7 � v ��7 ��

,QGHHG� VLQFH % ~ : � &RUROODU\ ��� DQG 3URSRVLWLRQ ��� HQVXUH WKDW �Z�7 � v �E�7 ��
0RUHRYHU� �E�7 � v ��7 � E\ WKH YHU\ GHpQLWLRQ RI �E�7 �� EXW WKLV FDQ DOVR EH GLUHFWO\
YHULpHG IURP 3URSRVLWLRQ ��� DV IROORZV� ,I �y, b 7 �  � %� WKHQ HLWKHU �y, b 7 �  � )
RU �y, b 7 � � ) DQG DVF �y, b 7 �  GVF �y, b 7 �  �� ,Q WKH IRUPHU FDVH� y OLHV LQ
�H�7 � v ��7 �� ,Q WKH ODWWHU FDVH� y  � ~�7 � VR WKDW y � ��7 �� ,QGHHG� LI y � ~�7 ��
WKDW LV� LI �y, b 7 � LV LQYHUWLEOH� WKHQ DVF �y, b 7 �  � EHFDXVH 1 �y, b 7 �  I�J
�DQG GVF �y, b 7 �  � EHFDXVH 5�y, b 7 �  +��

&RUROODU\ ���� �E�7 �  �H�7 � > �DFF�7 ��

3URRI� $FFRUGLQJ WR 3URSRVLWLRQV ��� DQG ����
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�E�7 �  Iy � & � �y, b 7 � �� ) RU � �� ~�y, b 7 � > �LV R�y, b 7 �
k

 Iy � & � y � �H�7 � RU y �� ~�7 � > �LV R�7 �
k

 �H�7 � >
b
��7 �Q�LV R�7 �

c
 �H�7 � > �DFF�7 �� e

5HPDUN ���� 7DNH DQ\ 7 � %>+@� 6LQFH HYHU\ RSHUDWRU RQ D pQLWH�GLPHQVLRQDO
VSDFH LV D %URZGHU RSHUDWRU� LW IROORZV E\ 3URSRVLWLRQ ��� WKDW

GLP+ � �  � �E�7 �  "�

7KH FRQYHUVH KROGV E\ 5HPDUN ���� VLQFH �Z�7 � v �E�7 ��

GLP+  �  � �E�7 � � "�

DQG �E�7 � LV FRPSDFW EHFDXVH LW LV WKH LQWHUVHFWLRQ
7

. � % � >+ @? I7J
� ��7 �.� RI

FRPSDFW VHWV� 0RUHRYHU� VLQFH �DFF�7 � v I�J ZKHQHYHU 7 LV FRPSDFW� LW IROORZV E\
5HPDUN ���� &RUROODU\ ���� DQG WKH SUHFHGLQJ LPSOLFDWLRQ WKDW� LI GLP+  �� WKHQ

7 LV FRPSDFW  � �H�7 �  �Z�7 �  �E�7 �  I�J�

$OWHUQDWH FKDUDFWHUL]DWLRQV RI WKH %URZGHU VSHFWUXP ZHUH JLYHQ LQ WKH SUHYLRXV
WZR UHVXOWV� $QRWKHU RQH LV JLYHQ QH[W� ZKLFK VD\V WKDW �E�7 � LV SUHFLVHO\ WKH FRP�
SOHPHQW RI WKH 5LHV] SRLQWV }��7 �  �LV R�7 � ? ���7 � LQ ��7 ��

&RUROODU\ ���� �E�7 �  ��7 �
sb

�LV R�7 � ? ���7 �
c
�

3URRI� %\ 3URSRVLWLRQ ��� DQG &RUROODU\ ��� ZH JHW

��7 �Q�E�7 �  ��7 �
sb

�H�7 � > �DFF�7 �
c
 
b
��7 �Q�H�7 �

c
? ���7 �Q�DFF�7 �

c

 
>

N � =
�N�7 � ? �LV R�7 �  ���7 � ? �LV R�7 ��

EHFDXVH �N�7 � LV RSHQ LQ & IRU HDFK � � N � =� DQG VR KDV QR LVRODWHG SRLQW� e

7KXV I�E�7 �� }��7 �J IRUPV D SDUWLWLRQ RI WKH VSHFWUXP ��7 ��

��7 �  �E�7 � > }��7 � DQG �E�7 � ? }��7 �  "�

,QGHHG� VLQFH }��7 �  �LV R�7 � ? ���7 �� DQG VLQFH �E�7 � DQG }��7 � DUH ERWK VXEVHWV
RI ��7 �� &RUROODU\ ��� VD\V WKDW �E�7 � LV WKH FRPSOHPHQW RI }��7 � LQ ��7 �� WKDW LV�
�E�7 �  ��7 �Q}��7 � DQG� FRQVHTXHQWO\� }��7 � LV WKH FRPSOHPHQW RI �E�7 � LQ ��7 ��
WKDW LV� }��7 �  ��7 �Q�E�7 ��

&RUROODU\ ���� �E�7 �  �Z�7 � > �DFF�7 ��

3URRI� &RUROODU\ ��� VD\V WKDW �E�7 �  
b
��7 �Q�LV R�7 �

c
>
b
��7 �Q���7 �

c
� DQG WKHUH�

IRUH� E\ &RUROODU\ ���� �E�7 �  �DFF�7 � > �Z�7 �� e

1RWH WKDW� DFFRUGLQJ WR 3URSRVLWLRQ ��� DQG &RUROODU\ ���� WKH VHW }��7 �  
�LV R�7 � ? ���7 � RI 5LHV] SRLQWV RI 7 LV DOVR JLYHQ E\

}��7 �  ��7 �Q�E�7 �  
j
y � ��7 � � �y, b 7 � � %

k
�

&RUROODU\ ���� }��7 �  �LV R�7 �Q�E�7 �  }���7 �Q�E�7 ��
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3URRI� 6LQFH }��7 � v }���7 � v �LV R�7 � v ��7 � ZH JHW E\ &RUROODU\ ��� WKDW

}��7 �  }��7 �Q�E�7 � v }���7 �Q�E�7 � v �LV R�7 �Q�E�7 �  ��7 �Q�E�7 �  }��7 �� e

5HPDUN ���� :H KDG VHHQ LQ 5HPDUN ��� WKDW WKH VHW RI 5LHV] SRLQWV }��7 �  
�LV R�7 � ? ���7 � DQG WKH VHW RI LVRODWHG HLJHQYDOXHV RI pQLWH PXOWLSOLFLW\ }���7 �  
�LV R�7 � ? �3) �7 � FRLQFLGH ZKHQHYHU DQ\ RI WKH HTXLYDOHQW DVVHUWLRQV RI 3URSRVLWLRQ
��� KROGV� $FFRUGLQJ WR &RUROODULHV ��� DQG ��� WKH QH[W IRXU DVVHUWLRQV �ZKLFK
LQFOXGH WKH LGHQWLW\ LQ 5HPDUN ���� DUH SDLUZLVH HTXLYDOHQW�

�D� }��7 �  }���7 ��

�E� �H�7 � ? }���7 �  " �L�H�� �H�7 � ? �LV R�7 � ? �3) �7 �  " ��
�F� �Z�7 � ? }���7 �  " �L�H�� �Z�7 � ? �LV R�7 � ? �3) �7 �  " ��
�G� �E�7 � ? }���7 �  " �L�H�� �E�7 � ? �LV R�7 � ? �3) �7 �  " ��

7KH HTXLYDOHQW DVVHUWLRQV LQ WKH QH[W SURSRVLWLRQ GHpQH DQ LPSRUWDQW FODVV RI
RSHUDWRUV� $Q RSHUDWRU IRU ZKLFK DQ\ RI WKRVH HTXLYDOHQW DVVHUWLRQV KROGV LV VDLG WR
VDWLVI\ %URZGHU
V WKHRUHP� 7KLV ZLOO EH GLVFXVVHG ODWHU LQ 6HFWLRQ ���

3URSRVLWLRQ ���� )RU DQ\ 7 � %>+@ WKH DVVHUWLRQV EHORZ DUH SDLUZLVH HTXLYDOHQW�

�D� ��7 �Q�Z�7 �  }��7 ��

�E� ���7 �  }��7 ��

�F� ��7 �  �Z�7 � > }���7 ��

�G� ���7 � v }���7 ��

�H� ���7 � v �LV R�7 ��

�I� �DFF�7 � v �Z�7 ��

�J� �Z�7 �  �E�7 ��

3URRI� $VVHUWLRQ �D� LPSOLHV �E� DQG �E� LPSOLHV �F� E\ &RUROODU\ ���� ,Q IDFW� VLQFH
��7 �Q�Z�7 �  ���7 � �&RUROODU\ ����� LW IROORZV WKDW �D� LPSOLHV �E� DQG� LI �E�
KROGV� WKHQ �DSSO\ &RUROODU\ ��� DJDLQ DQG UHFDOO WKDW }��7 � v }���7 ��

��7 �  �Z�7 � > ���7 �  �Z�7 � > }��7 � v �Z�7 � > }���7 � v ��7 �

VR WKDW �E� LPSOLHV �F�� &RUROODULHV ��� DQG ��� HQVXUH WKDW �F� LPSOLHV �D�� $FWXDOO\�
UHFDOO WKDW }���7 �Q�Z�7 �  }��7 � �&RUROODU\ ����� }��7 � v ���7 �� DQG ���7 �  
��7 �Q�Z�7 � �&RUROODU\ ����� ,I �F� KROGV� WKHQ

��7 �Q�Z�7 �  }���7 �Q�Z�7 �  }��7 � v ���7 �  ��7 �Q�Z�7 ��

ZKLFK LPSOLHV �D�� 7KXV �D�� �E� DQG �F� DUH SDLUZLVH HTXLYDOHQW� 0RUHRYHU� VLQFH
}��  �LV R�7 � ? �3) �7 � DQG ���7 � v �3) �7 �� LW IROORZV WKDW �G� LV HTXLYDOHQW WR �H��
)XUWKHUPRUH� VLQFH }��7 �  �LV R�7 � ? ���7 �� LW DOVR IROORZV WKDW �E� LV HTXLYDOHQW WR
�H�� 1RZ UHFDOO WKDW �DFF�7 � DQG �LV R�7 � DUH FRPSOHPHQW RI HDFK RWKHU LQ ��7 �� DQG
�Z�7 � DQG ���7 � DOVR DUH FRPSOHPHQW RI HDFK RWKHU LQ ��7 � �&RUROODU\ ����� 7KHUH�
IRUH� �H� DQG �I� DUH HTXLYDOHQW� 6LPLODUO\� VLQFH �Z�7 � DQG ���7 � DUH FRPSOHPHQW RI
HDFK RWKHU LQ ��7 � �&RUROODU\ ����� DQG VLQFH �E�7 � DQG }��7 � DOVR DUH FRPSOHPHQW
RI HDFK RWKHU LQ ��7 � �&RUROODU\ ����� LW IROORZV WKDW �J� DQG �E� DUH HTXLYDOHQW DV
ZHOO� e
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��� %U RZ GHU DQG : H\O 7 KHRU HP V

7DNH DQ DUELWUDU\ RSHUDWRU 7 LQ %>+@� &RQVLGHU WKH VHW ���7 � RI DOO y LQ ��7 �
IRU ZKLFK �y, b 7 � LV D :H\O RSHUDWRU� $V ZH VDZ LQ 6HFWLRQ �� LW LV JLYHQ E\

���7 �  
j
y � �3 �7 � � 5�y, b 7 �b  5�y, b 7 � � + DQG

GLP 1 �y, b 7 �  GLP 1 �y, b 7 e� � �
k
�

$FFRUGLQJ WR &RUROODULHV ��� DQG ��� WKH :H\O DQG %URZGHU VSHFWUD FDQ EH ZULWWHQ
LQ WHUPV RI ���7 � DV IROORZV�

�Z�7 �  ��7 �Q���7 � DQG �E�7 �  ��7 �
sb

�LV R�7 � ? ���7 �
c
�

$OWKRXJK ���7 � v �3) �7 � DQG �DFF�7 � v �E�7 �� LQ JHQHUDO ���7 � PD\ QRW FRQVLVW
RI LVRODWHG SRLQWV RQO\ RU� HTXLYDOHQWO\� �DFF�7 � PD\ QRW EH LQFOXGHG LQ �Z�7 �� $Q
RSHUDWRU 7 LV VDLG WR VDWLVI\ :H\O
V WKHRUHP �RU :H\O
V WKHRUHP KROGV IRU 7 � LI

���7 �  �LV R�7 � ? �3) �7 ��

7KDW LV� VLQFH }���7 �  �LV R�7 � ? �3) �7 �� DQ RSHUDWRU 7 VDWLVpHV :H\O
V WKHRUHP LI
���7 �  }���7 �� RU DQ\ RI WKH HTXLYDOHQW DVVHUWLRQV LQ 3URSRVLWLRQ ���� $Q RSHUDWRU
7 LV VDLG WR VDWLVI\ %URZGHU
V WKHRUHP �RU %URZGHU
V WKHRUHP KROGV IRU 7 � LI

���7 � v �LV R�7 � ? �3) �7 ��

7KXV DQ RSHUDWRU 7 VDWLVpHV %URZGHU
V WKHRUHP LI ���7 � v }���7 �� RU DQ\ RI WKH
HTXLYDOHQW DVVHUWLRQV LQ 3URSRVLWLRQ ���� ,Q SDUWLFXODU� 7 VDWLVpHV %URZGHU
V WKHRUHP
LI ���7 �  }��7 �� ZKHUH }��7 �  �LV R�7 � ? ���7 � RU� HTXLYDOHQWO\� LI

���7 � v �LV R�7 �� RU �DFF�7 � v �Z�7 �� RU �Z�7 �  �E�7 ��

�7KHVH DUH WKH XVXDO WHUPLQRORJLHV� DOWKRXJK VD\LQJ WKDW 7 ?VDWLVpHV :H\O
V RU
%URZGHU
V SURSHUW\�� UDWKHU WKDQ ?VDWLVpHV :H\O
V RU %URZGHU
V WKHRUHP�� ZRXOG
SHUKDSV VRXQG PRUH DSSURSULDWH��

,W LV SODLQ WKDW� LI 7 VDWLVpHV :H\O
V WKHRUHP� WKHQ LW DOVR VDWLVpHV %URZGHU
V WKHR�
UHP� 1RWH WKDW� LI �Z�7 �  �DFF�7 � RU� HTXLYDOHQWO\� LI ���7 �  �LV R�7 �� WKHQ 7 VDW�
LVpHV :H\O
V WKHRUHP� �5HDVRQ� ���7 �  �LV R�7 � LPSOLHV ���7 �  �LV R�7 � ? �3) �7 �
EHFDXVH ���7 � v �3) �7 ��� ,Q IDFW �VHH 5HPDUN �����

7 VDWLVpHV %URZGHU
V WKHRUHP EXW QRW :H\O
V  � �Z�7 � ? �LV R�7 � ? �3) �7 � � "�

5HPDUN ����� &RQVLGHU WKH HTXLYDOHQW DVVHUWLRQV RI 3URSRVLWLRQ ��� DQG RI 3URSR�
VLWLRQ ���� ,I %URZGHU
V WKHRUHP KROGV DQG }��7 �  }���7 � WKHQ :H\O
V WKHRUHP
KROGV �L�H�� LI ���7 �  }��7 � DQG }��7 �  }���7 �� WKHQ ���7 �  }���7 � WDXWRORJL�
FDOO\�� &RQYHUVHO\� LI :H\O
V WKHRUHP KROGV� WKHQ }��7 �  }���7 � �FI� 5HPDUN ����
DQG %URZGHU
V WKHRUHP KROGV WULYLDOO\� 6XPPLQJ XS�

:H\O
V WKHRUHP KROGV �� %URZGHU
V WKHRUHP KROGV DQG }��7 �  }���7 ��

,Q RWKHU ZRUGV� :H\O
V WKHRUHP KROGV LI DQG RQO\ LI %URZGHU
V WKHRUHP DQG DQ\ RI
WKH HTXLYDOHQW DVVHUWLRQV RI 5HPDUN ��� KROG�
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)XUWKHU QHFHVVDU\ DQG VXrFLHQW FRQGLWLRQV IRU DQ RSHUDWRU WR VDWLVI\ :H\O
V
WKHRUHP FDQ EH IRXQG LQ >��@� $FFRUGLQJ WR 5HPDUN ��� HYHU\ RSHUDWRU 7 RQ D
pQLWH�GLPHQVLRQDO VSDFH VDWLVpHV :H\O
V WKHRUHP ZLWK ���7 �  }���7 �  ��7 � �WKLV
H[WHQGV WR pQLWH�UDQN EXW QRW WR FRPSDFW RSHUDWRUV _ VHH H[DPSOHV LQ >��@� DQG�
RQ WKH RWKHU KDQG� HYHU\ RSHUDWRU 7 ZLWKRXW HLJHQYDOXHV ��3 �7 �  "� DOVR VDWLVpHV
:H\O
V WKHRUHP ZLWK ���7 �  }���7 �  "� 7KHVH DUH WKH WULYLDO FDVHV� :H\O SURYHG
LQ >��@ WKDW :H\O
V WKHRUHP KROGV IRU VHOI�DGMRLQW RSHUDWRUV� 7KLV ZDV H[WHQGHG WR
QRUPDO RSHUDWRUV LQ >��@� WR K\SRQRUPDO RSHUDWRUV LQ >�@� DQG WR VHPLQRUPDO RSHUD�
WRUV LQ >�@� 5HFDOO WKDW 7 � %>+@ LV K\SRQRUPDO LI 2 x 7 e7 b 7 7 e DQG FRK\SR�
QRUPDO LI 7 e LV K\SRQRUPDO� VR WKDW 7 LV QRUPDO LI LW LV ERWK K\SRQRUPDO DQG
FRK\SRQRUPDO� ,I 7 LV HLWKHU K\SRQRUPDO RU FRK\SRQRUPDO� WKHQ LW LV VHPLQRUPDO�

$ VXEVSDFH 0 RI + LV LQYDULDQW IRU DQ RSHUDWRU 7 � %>+@ �RU 7 �LQYDULDQW� LI
7 �0� v 0� DQG UHGXFLQJ LI LW LV LQYDULDQW IRU ERWK 7 DQG 7 e� $ SDUW RI DQ RSHUDWRU
LV D UHVWULFWLRQ RI LW WR DQ LQYDULDQW VXEVSDFH� DQG D GLUHFW VXPPDQG LV D UHVWULFWLRQ
RI LW WR D UHGXFLQJ VXEVSDFH� $Q RSHUDWRU LV LVRORLG LI HYHU\ LVRODWHG SRLQW RI LWV
VSHFWUXP LV DQ HLJHQYDOXH �L�H�� 7 LV LVRORLG LI �LV R�7 � v �3 �7 ��� DQG GRPLQDQW LI
5�y, b 7 � v 5�y, b 7 e�� 7KH PDLQ WKHRUHP IURP >�@� QDPHO\� LI HDFK pQLWH�GLPHQ�

VLRQDO HLJHQVSDFH RI DQ RSHUDWRU 7 � %>+@ LV UHGXFLQJ DQG HYHU\ GLUHFW VXPPDQG RI

LW LV LVRORLG� WKHQ 7 VDWLVpHV :H\O
V WKHRUHP� LQFOXGHV PDQ\ RI WKH SUHYLRXV UHVXOWV
DORQJ WKLV OLQH� DQG KDV DOVR EHHQ IUHTXHQWO\ DSSOLHG WR \LHOG IXUWKHU UHVXOWV� PDLQO\
WKURXJK WKH IROORZLQJ FRUROODU\ >��@� ,I 7 � %>+@ LV GRPLQDQW DQG HYHU\ GLUHFW

VXPPDQG RI LW LV LVRORLG� WKHQ 7 VDWLVpHV :H\O
V WKHRUHP� 6LQFH HYHU\ K\SRQRUPDO
RSHUDWRU LV GRPLQDQW� HYHU\ SDUW �DQG� LQ SDUWLFXODU� HYHU\ GLUHFW VXPPDQG� RI
D K\SRQRUPDO RSHUDWRU LV DJDLQ K\SRQRUPDO� DQG HYHU\ K\SRQRUPDO RSHUDWRU LV
LVRORLG� LW IROORZV E\ WKH DERYH LWDOLFL]HG UHVXOW WKDW HYHU\ K\SRQRUPDO RSHUDWRU
VDWLVpHV :H\O
V WKHRUHP�

:H\O
V WKHRUHP KDV EHHQ H[WHQGHG WR FODVVHV RI QRQGRPLQDQW RSHUDWRUV WKDW
SURSHUO\ LQFOXGH WKH K\SRQRUPDO RSHUDWRUV� ,Q SDUWLFXODU� LW ZDV H[WHQGHG WR SDUD�
QRUPDO RSHUDWRUV >��@ DQG� EH\RQG� WR WRWDOO\ KHUHGLWDULO\ QRUPDORLG RSHUDWRUV >�@�
5HFDOO WKDW D QRUPDORLG LV DQ RSHUDWRU ZKRVH VSHFWUDO UDGLXV FRLQFLGHV ZLWK WKH
QRUP� DQ RSHUDWRU 7 LV SDUDQRUPDO LI N7[N� x N7 �[N N[N IRU DOO YHFWRUV [� DQG D
WRWDOO\ KHUHGLWDULO\ QRUPDORLG RSHUDWRU LV RQH ZKRVH DOO SDUWV DUH QRUPDORLG� DV ZHOO
DV WKH LQYHUVH RI DOO LQYHUWLEOH SDUWV _ WKHVH FODVVHV DUH UHODWHG E\ SURSHU LQFOXVLRQ
>��@� +\SRQRUPDO ~ 3DUDQRUPDO ~ 7RWDOO\ +HUHGLWDULO\ 1RUPDORLG ~ 1RUPDORLG�

/HW 7 DQG 6 EH DUELWUDU\ RSHUDWRUV DFWLQJ RQ +LOEHUW VSDFHV� )LUVW ZH FRQVLGHU
WKHLU GLUHFW VXP� ,W LV UHDGLO\ YHULpHG WKDW WKH VSHFWUXP RI D GLUHFW VXP FRLQFLGHV
ZLWK WKH XQLRQ RI WKH VSHFWUD RI WKH VXPPDQGV� ��7 j 6�  ��7 � > ��6�� )RU WKH
:H\O VSHFWUXP RQO\ LQFOXVLRQ LV HQVXUHG� WKH :H\O VSHFWUXP RI D GLUHFW VXP LV
LQFOXGHG LQ WKH XQLRQ RI WKH :H\O VSHFWUD RI WKH VXPPDQGV�

�Z�7 j 6� v �Z�7 � > �Z�6��

EXW HTXDOLW\ GRHV QRW KROG LQ JHQHUDO� +RZHYHU� LW GRHV LI WKH HVVHQWLDO DQG :H\O
VSHFWUD FRLQFLGH IRU RQH RI WKH GLUHFW VXPPDQGV >��@�

�H�7 �  �Z�7 �  � �Z�7 j 6�  �Z�7 � > �Z�6��

DQG DOVR LI �Z�7 � ? �Z�6� KDV HPSW\ LQWHULRU >��@�
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b
�Z�7 � ? �Z�6�

cr
 "  � �Z�7 j 6�  �Z�7 � > �Z�6��

,Q JHQHUDO� :H\O
V WKHRUHP GRHV QRW WUDQVIHU IURP 7 DQG 6 WR WKHLU GLUHFW VXP
7 j 6� 7KH DERYH LGHQWLW\ LQYROYLQJ WKH :H\O VSHFWUXP RI D GLUHFW VXP SOD\V
DQ LPSRUWDQW UROH LQ HVWDEOLVKLQJ VXrFLHQW FRQGLWLRQV IRU D GLUHFW VXP WR VDWLVI\
:H\O
V WKHRUHP� DV LW ZDV UHFHQWO\ LQYHVWLJDWHG LQ >��@ DQG >��@� $V IRU WKH SUREOHP
RI WUDQVIHUULQJ %URZGHU
V WKHRUHP IURP 7 DQG 6 WR WKHLU GLUHFW VXP 7 j 6� WKH
IROORZLQJ QHFHVVDU\ DQG VXrFLHQW FRQGLWLRQ ZDV SURYHG LQ >��@�

3URSRVLWLRQ ����� ,I ERWK RSHUDWRUV 7 DQG 6 VDWLVI\ %URZGHU
V WKHRUHP� WKHQ WKH

GLUHFW VXP 7 j 6 VDWLVpHV %URZGHU
V WKHRUHP LI DQG RQO\ LI

�Z�7 j 6�  �Z�7 � > �Z�6��

1RZ FRQVLGHU WKH WHQVRU SURGXFW 7 n 6 RI D SDLU RI +LOEHUW VSDFH RSHUDWRUV 7
DQG 6 �VHH >��@ IRU DQ H[SRVLWRU\ SDSHU FRQWDLQLQJ WKH HVVHQWLDO SURSHUWLHV RI WHQVRU
SURGXFWV QHHGHG KHUH�� ,W LV NQRZQ IURP >�@ WKDW WKH VSHFWUXP RI D WHQVRU SURGXFW
FRLQFLGHV ZLWK WKH SURGXFW RI WKH VSHFWUD RI WKH IDFWRUV� ��7 n 6�  ��7 � c ��6��
)RU WKH :H\O VSHFWUXP LW ZDV SURYHG LQ >��@ WKDW WKH LQFOXVLRQ

�Z�7 n 6� v �Z�7 � c ��6� > ��7 � c �Z�6�

KROGV� EXW LW UHPDLQV DV DQ RSHQ TXHVWLRQ ZKHWKHU WKH HTXDOLW\ KROGV� 7KDW LV� LW LV
QRW NQRZ LI WKHUH H[LVW D SDLU RI RSHUDWRUV 7 DQG 6 IRU ZKLFK WKH DERYH LQFOXVLRQ
PD\ EH SURSHU� 6XrFLHQW FRQGLWLRQV HQVXULQJ WKDW WKH HTXDOLW\ KROGV ZHUH UHFHQWO\
LQYHVWLJDWHG LQ >��@� )RU LQVWDQFH� LI

�H�7 �QI�J  �Z�7 �QI�J DQG �H�6�QI�J  �Z�6�QI�J

�ZKLFK KROGV� LQ SDUWLFXODU� IRU FRPSDFW RSHUDWRUV 7 DQG 6�� WKHQ

�Z�7 n 6�  �Z�7 � c ��6� > ��7 � c �Z�6��

$OVR� LI WKH WHQVRU SURGXFW VDWLVpHV %URZGHU
V WKHRUHP� WKHQ WKH HTXDOLW\ KROGV�

�Z�7 n 6�  �E�7 n 6�  � �Z�7 n 6�  �Z�7 � c ��6� > ��7 � c �Z�6��

$JDLQ� :H\O
V WKHRUHP GRHV QRW WUDQVIHU IURP 7 DQG 6 WR WKHLU WHQVRU SURGXFW 7 n 6
LQ JHQHUDO� 7KH DERYH LGHQWLW\ LQYROYLQJ WKH :H\O VSHFWUXP RI D WHQVRU SURGXFW
SOD\V D FUXFLDO UROH LQ HVWDEOLVKLQJ VXrFLHQW FRQGLWLRQV IRU D WHQVRU SURGXFW WR
VDWLVI\ :H\O
V WKHRUHP� DV LW ZDV UHFHQWO\ LQYHVWLJDWHG LQ >��@ DQG >��@� $V IRU WKH
SUREOHP RI WUDQVIHUULQJ %URZGHU
V WKHRUHP IURP 7 DQG 6 WR WKHLU WHQVRU SURGXFW
7 n 6� WKH IROORZLQJ QHFHVVDU\ DQG VXrFLHQW FRQGLWLRQ ZDV SURYHG LQ >��@�

3URSRVLWLRQ ����� ,I ERWK RSHUDWRUV 7 DQG 6 VDWLVI\ %URZGHU
V WKHRUHP� WKHQ WKH

WHQVRU SURGXFW 7 n 6 VDWLVpHV %URZGHU
V WKHRUHP LI DQG RQO\ LI

�Z�7 n 6�  �Z�7 � c ��6� > ��7 � c �Z�6��
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