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On the Conditional Value-at-Risk Probability-dependent Utility

Function
Alexandre Street!

Abstract: The Expected Shortfall or Conditional Value-at-Risk (CVaR) has been playing the role of main risk
measure in the recent years and paving the way for an enormous number of applications in risk management
due to its very intuitive form and important coherence properties. This work aims to explore this measure as a
probability-dependent utility functional, introducing an alternative view point for its Choquet Expected Utility
representation. Within this point of view, its main preference properties will be characterized and its utility
representation provided through local utilities with an explicit dependence on the assessed revenue’s
distribution (quantile) function. Then, an intuitive interpretation for the related probability dependence and the
piecewise form of such utility will be introduced on an investment pricing context, in which a CVaR maximizer
agent will behave in a relativistic way based on his previous estimates of the probability function. Finally, such
functional will be extended to incorporate a larger range of risk-averse attitudes and its main properties and
implications will be illustrated through examples, such as the so-called Allais Paradox.

Key words: Conditional Value-at-Risk, Probability-dependent utility function, Choquet Expected Utility,
Certainty Equivalent, Allais Paradox.

1. INTRODUCTION

In the past years, the Expected Shortfall or, as it has been called by the main risk
management recent works, the Conditional Value-at-Risk (CVaR), has been paving the way
for many financial and engineering applications that used to be very hard or even intractable.
Some of these applications, such as investment and portfolio decision problems [7][8][15],
energy trade [1][2][18][22][28] and integrated Gas-Energy portfolios [3] are at the top of the
list of today’s market economic problems. Two important and relevant references that
triggered the worldwide use of such measure by both theoretical and quantitative researchers
were Artzner et al. (1999) in [10] — which stated the coherence background for risk measures
—and Rockafellar et al. (2000) in [26] — which introduced an efficient CVaR formulation by
means of a convex expected value minimization that can be performed by a simple linear
programming (LP) problem. While the latter has provided the analytical formulation and
theoretical background that allowed this measure to be straightforwardly implemented and
solved by existing efficient algorithms, the former has stated the coherence background and
shown its main implications, which have been widely explored.

Generally, the CVaR risk measure has been defined for a loss distribution, since it has

been used to control financial losses. Therefore, in this framework it is commonly defined as
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the conditioned expectation of the loss distribution’s value, worse (greater) than a given o
quantile. Alternatively, in a net revenue or financial profit context, for which agents or
decisions makers generally express their preferences, the CVaR can be conveniently
redefined as the conditioned expectation of the revenue left-side worst distribution
scenarios, below a given (1-a) quantile — typically 1% to 10% (or o from 0.99 to 0.90). Once
defined in a revenue context, the CVaR measure will be explored as a preference functional,
with which a probability-dependent utility function will be associated as well as interpreted.

In [10], section 2, the Conditional Value-at-Risk was written as particular case of a
Choquet Expected Utility (CEU) functional and in [12] as a particular case of the Recourse
Certainty Equivalent (RCE), proposed by Ben-Tal et al. (1991) in [11]. While the latter
representation is based on the stochastic programming with recourse problem idea,
providing the optimal present and future consumption of the value of the random revenue
according to an utility function, the former computes expected utilities based on capacities
(non-additive probability measures), which can be modeled as a distortion on the
probabilities that “(...) acts to accentuate the implicit likelihood of the least-favorable ontcomes and
depress the likelibood of the most favorable ones” (G.W. Basset Jr., R. Koenker, G. Kordas, 2004 —
[16]). Thus, the CVaR measure shares the virtues of such functionals and, as will be shown
in this work, the proposed alternative representation (based on a probability-dependent
utility function) will let us to explore some additional interesting interpretations, which will
rise as a consequence of such point of view. The main properties analyzed in this work are:
risk aversion, convexity in probabilities and the equivalence between the Expected Utility
(EU) form and its induced Certainty Equivalent (CE).

Finally, the CVaR preference functional will be extended through its convex
combination with the unconditional expected value, which will provide a more general —
named Extended CVaR Preference (ECP) — functional capable to model a larger range of
risk-averse behaviors. Thus, the associated probability-dependent utility of this functional
will be characterized in the same way as done before. An illustrative example of the
consequences of convexity in the probabilities will be given by means of the so-called Allais
Paradox.

The main contribution of this work is to provide a probability-dependent utility
representation for a measure widely used in many types of engineering and finance

applications. This representation will also provide intuitive interpretations for CVaR
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maximizers’ behavior and an alternative viewpoint for the Choquet Expected Utility form
([16]). In this sense, by analyzing the implicit probability-dependent utility we will be able to
conclude that firms or agents that use this measure in, e.g., portfolio selection problems, will
behave in a relativistic way with their estimated probabilities™

The ECP functional has been adopted by a large range of researchers and investment
firms in order to explore the market’s opportunities and develop strategic decision policies in
risky environment, as mentioned before. Thus, it is beyond the scope of this work to judge
the plausibility and applicability of such functional; instead, the focus of this work will aim at
the related properties and insights for those agents who have already chosen to be Extended
CVaR maximizers.

The rest of this work is structured as follows: Section 2 characterizes the CVaR risk
measure as a preference functional in the revenue context, Section 3 characterizes its implicit
probability-dependent utility function and provide some properties for such preference
functional, Section 4 extends the CVaR preference functional to the ECP functional and also
the established properties and remarks made in Section 3. Finally, Section 5 provides some
empirical implications on the use of the ECP by means of two examples and then, Section 6

concludes this work.

2. CVAR MEASURE IN THE REVENUE CONTEXT

As mentioned before, the CVaR needs to be conveniently redefined for the revenue

context in order to let us to use it as preference functional. In this sense, a probability space
(Q,3,P) is assumed and the stochastic revenues will be defined as J-measurable functions
R:QQ—>Q, which map eclements from the set of all possible states of nature ({2) to the
compact set of all possible revenue outcomes QCWR. Thus, the induced cumulative
probability function Fy(.) of a given random revenue R can be defined as:

Fr(t) = P{oeQ | R(w) <1} VrieQ )

In this work we will concentrate on random variables that have cumulative probability

functions in ¥, which denotes the set of all probability functions with compact support (Q).

2 It is considered that all distributions are known and so, the absence of ambiguity [14] is supposed. For a
recent implication of ambiguity on CEU functionals reference [24] is proposed.
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In addition, the generalized inverse of the right-continuous function (1) provides the
quantile function as well as help us in the Value-at-Risk (VaR) and CVaR definitions. For
this purpose, let VaR, denote the quantile function defined as:

VaRq(R) = Fy'(1-o)) = inf{reQ |Fy(r) > 1-at} 2
And the left-tail conditional expectation, for revenue values up to the (1-a) quantile (or
VaRy(R) as stated in (2)), will be written as:

CVaRyR) = E[R| R < VaR,([R)] 3)
Where, E(.|.) is the mathematical expectation operator conditioned to a given set. Thus, for
a set ACQ, it is defined as:

dr (r)

BR|Re) = rP{cer|R(oa)eA}

{reA}

Then, unconditioned expectations are assumed to be taken over the whole support set
A=Q).
Figure 1 illustrates the CVaRy and VaR, configuration for a given smooth cumulative

probability function Fy.

CVaR,(R) VaR,([R) Revenue support (1)

Figure 1 — CVaR, and VaR,, configuration for a smooth revenue cumulative probability function.
If R is a discrete random variable, with a finite number of scenarios S and known
probabilities {P(R)>0},, s, R can be represented as a set of its ordered scenarios:

R={R,PR)},., s in which R_is the s™-smaller revenue scenario. Then, expression (2) will

provide the superior (1-a) quantile, which in the discrete representation is defined as:
VaRo(R)" = R, )

where s'(a,R) € {1,..,,S} is the unique scenario index for which
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2icvapnPRY) < 1-o0 <X o1, PR). 5)
In accordance with (4) and (5), the Conditional Value-at-Risk, in the presence of a
probability atom, can be defined as the following weighted average (6), which will take into
account the proportion of the superior (1-a) quantile and the rest of the inferior tail
scenarios, if they exist (see [27] for a entire description of the CVaR and VaR for a general

random variable):
CV&RO‘(R):('I_G’)J.{ Z{sis*(a,k)—l}P(Rs).Rs + Rs*(a,R).[l -a - Z{SSS*(G,R)%}P(RS)] } (6)
Note that s (0,,R) depends on the 1-a percentile (the reliability level o) and also on the

revenue distribution, represented by the set {P(R)},, ¢ of the random variable R.

Remark 11f s'(o,R) = 1, then

{s<s*(O,R)-1} =D and Zy g, PRY = 0,
which will imply in expression (6) to be reduced to R,. In the case of a CVaR maximizer it is
equivalent to the so-called MaxMin approach, in which the decision maker maximizes the

WOtst revenue scenario.

Remark 2 The VaR, definition in (2) should provide definition (4) stated for the discrete

case in which Fy(\) is a stepwise right-continuous function.

In the stochastic optimization context’, where agents seck for the random variable
R(x,£)* that maximizes their preferences by tuning a controlling vector xeX (usually called
as decision variables, where XCR"), expression (3) may increase the complexity of any
simple application, even for a Carathéodory function” R XxE—Q.

Generally, in practical applications, the random revenue R is characterized as a function

not only of the set of the agent’s decisions (X), but also of a more primitive

multidimensional random variable (§ € E), which models the exogenous risk factors. For

3 [17] is teferred as a standard handbook.

4 x generally is a decision maker controlling variable defined over a compact subset X in the R" that
parameterizes the selection of random variables with distribution functions in . In many classical applications
in which the set of feasible decision vatiables can be defined as a set of linear inequalities, X assumes a
polyhedral shape.

5 R(x,8):XxE—Q Carathéodory means that for all E€E, R(,,E) is continuous and for all x€X, R(x,.) is measurable
on the adopted sigma-field of E.
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not so high dimensions of Z, the assessment of expression (3) will require hard and time-
consuming multidimensional integration methods to assess the expectation conditioned to
the subset of B that provides R(x,§) < r. In this sense, Rockafellar et al.,, in [26] and [27],
have shown that expression (3) could be assessed through (8), which is the maximum of the
unconditional expectation-based functional H:¥'xQ—Q, presented in (7), reaching its

maximum point at z = z (0,R) = VaRy(R).

HR,2) = z-E[R-2)| ]/(1-0) ()
CVaR,(R) = Max, H(R, 2), (8)
where (.)]| is the negative truncation function, which is equivalent to ()| =— min(. ,0).

The optimality proof of (8) is provided for a general random variable in the original
work [27], which is a well known result of convex analysis [25][29].

Since (8) does not depend on any constraints in the outcomes set, this approach
exchanges the difficulty on computing the conditional expectation on (3) for a maximum
calculation over a convex family of unconditional expectations defined on (7). In other
words, it replaces difficult integrals for maximization problems. However, generally, the

latter has the advantage of some well known convergence results that are provided for finite
sampled scenarios, e.g., MaX@S'l-ZSH(RS,z) &MaX(Z)E[H(RS,z)]. Thus, (8) has paved the
way for the use of many different simulation schemes to easily estimate the CVaRy[R(x,E)]

through a finite sample of the exogenous risk variables {&,}, (the so-called Sampled Average
Approximation (SAA) — see [1], chapter 4), by means of a convex maximization problem,
which is suitable to be coupled in risk-constrained or risk-averse optimization problems. In
[27] some examples are provided for portfolio problems and in [1][7] some aspects on the
sampling convergence of such measure are discussed’. In addition to this benefit, the form
provided by (8) will also allow us to find an implicit utility for such measure when it is used

as a preference functional, which is the main idea of this work.

® Reference [13] also provides nice convergence results for the so-called chance constrained problems.
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3. THE CVAR UTILITY PREFERENCE FUNCTIONAL FORM

In order to obtain an utility maximization functional form for the CVaR, in the revenue
or profit context, expression (8) can be read without the maximization operator by
substituting the optimality result z (o,R) into it:

CVaRu(R) = E{z (@R) - [R— 2 (,R)] | /(1-0)} ©)

Expression (9) shows us the piecewise linear form of such utility that depends on the o
parameter and on the probability distribution function of R, due to its explicit dependence
on the revenue quantile function z'(,R) = VaRy(R) = Fy'(1-a). The next expression
presents the analytical form of the CVaRy’s implicit probability (or quantile) dependent
utility function found in (9).

Ualr, Fy()] = By (1-0) = [r = Fy ' (1-00] |7/ (1-0) (10)

It is clear that such utility is not a classical von Neumann-Morgenstern utility function
[30], since it depends on the revenue-induced probabilities, by means of the inverse
cumulative distribution function (or quantile function) Fy':[0,1]—>Q assessed on the 1-a

value. Then, we can state that:

Theorem 1 (The CVaR preference functional probability-dependent utility function

representation)
Forany a€/0,1), Up:Ox¥—>9
L UgOx¥—>H is a two-segment piecewise concave on Q (then risk-averse) probability (quantile)
dependent utility function.
1. Uy Qx¥F—>H has a compact range in .
1L Ugfr, Fo(.)] <7 for all r€Q, with a unique fixed point on r = Fy'(1-).

Proof. First of all, let expression (10) be rewritten to evidence its probability dependence:
Ualt, Fa()] = GalFy()] + min{0, £ — Ga[Fy ()1} /(1-0),
where, G:¥—>Q is defined as Gg[Fy()] = Fy'(l-o), according to (2), for any
distribution Fy(.)e'¥.
I. It is sufficient to verify that for all Fy()e¥, Ugy| . , Fy()] is the sum of an affine

function (the constant function Gg[Fy(.)]) and the minimum of two other affine
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II.

I11.

functions, which is clearly a continuous piecewise concave function, with an unique
break point (slope change) on the quantile Go[Fy())] (see Figure 2 for a graphical
llustration of Ug[ . , Fr()]).
Range compactness can be shown through the following rationale: since range(Gq)=Q
(by definition of quantile function) and reQ, then,

Ualt, Fa()] = Uadr, GalFy()1H:QxQR
Because RxR, in which QxQ is embedded, and R* are isomorphic, it is possible to
redefine Uy as:

Uadr, GolFr()]} = Ua(v) = £,(v) + £(v)
Where,

v = [, Ga[FrON" € V

V is a compact subset of R, being the isomorphic image of QxQ in this space;

f,(v) =a'v and f,(v) = min(0, b"v)/(1-a);

with, a"= [0, 1] and b" = [1, -1].
By verifying that f, and f, are both concave, then continuous, it follows that Uy is a
continuous map between a compact set (QxQ) and the real line (R). Then, range(Uy,) is
compact’.
For all r < F'(1-a0),

Uglr, Fr()] = (¢ — Go[Fr()]'o)/(1-00) < r if and only if r < Gg[FR()] = Fy'(1-a),
which is the previous hypothesis.
For all r > F'(1-a0),

Ualt, FaQ)] = GalFo()] = Fy'(1-0) < 1
which is again the previous hypothesis.
For r = F'(1-a)

Ua[Fy ' (1-00), Fx()] = Fy'(1-00). [

For the case of a smooth (continuous) cumulative probability function Fy(.), the

following Figure 2 illustrates the utility probability dependence.

7 For further details see [20], Theorem 3.64 ()



Uat, Fr()] OFx()/0r

Fr!(1-a1)

1-a
Frl(1-0) = VaRy(R) r

(1-00)!

— Fr'(l-o)-0/(1-00) A
Figure 2 “The CVaR,, local piecewise linear utility function, for a fixed revenue distribution Fr.

The next figure shows the utility /s due to a probability movement. This effect is
illustrated for a generic move of the revenue distribution, e.g., from F; to Fy.. In this sense,
the corresponding /ocus of such probability-dependent utility function is totally characterized
by the revenue 1-o. quantile movement.

Ul

Fret (1 —(X) """""""""""""""""""""""""""

Fr'(1-00)

’ FR‘1(1—.OL) <«—>» (l-0) r
Figure 3 — Locus of the local utility functions of the CVaR, preference functional.

The effect of such movement is that Uy slides its fixed point (on r) over the identity
function I(r) = r, leaving Fy'(1-a) to reach the new quantile Fy.'(1-at). Then, Uy is a local
piecewise linear concave utility function with a probability dependence that provides a
quantile shift effect when moving from one distribution to another. This fact can be
understood as a relativistic accommodation of the agent’s perspective of future possible

outcomes. Then we can state the following remark:



Remark 3 An interesting interpretation for such probability dependence may rise in the
investment under uncertainty point of view, in which a CVaR maximizer investor will only
“regret” if a given project (with I distribution) provides an improbable downsize realization
R(®,), with Fg[R(®,)] < 1-a, based on his previous® estimated probability function Fg(). In
this sense, Fy'(1-00) — or VaRy(R) — turns to be the critical, and generally pessimistic, point
for which this agent exhibits a change in his marginal utility. In terms of utility shape, a
CVaR maximizer probability-dependent utility function does not discriminate surplus

scenarios above the critical value (zero marginal utility), but penalizes violations to this value,
in deficit scenarios, with a (1-o)"' marginal utility decrease. Thus, the risk-profile of such
agent is characterized by: (i) the o risk-aversion parameter, which determines the utility loss

per unit of quantile violation, and (i) the critical value Fy'(1-o), which places the utility in

accordance with each faced distribution function.

Once the CVaR, measure has been characterized as a preference functional with a
probability-dependent utility representation (10), it is possible to explore its properties and

implications.

Properties 1

The following properties hold for the CVaRg, preference functional:

(a) Translation invariance
For any real valued random variable R with Fre'¥ and teR,
CVaRy[R + t) = CVaR,(R) + t.
(b) Positive homogeneity
For any real valued random variable R with Fre¥ and teR,
CVaRq(t'R) = t:CVaR,(R).
(c) Superadditivity
For any pair of real valued random variables R, and R, with Fy and Fy € ¥,
CVaRy([R,+ R, =2 CVaRy(R,)) + CVaR,R,).

(d) Monotonicity

8 The word previous is referred to the occurrence of the outcome realization ®,
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For any pair of real valued random variables R; < R, with Fy, and Fy, € ¥,
CVaRy(R,) < CVaRgy(R)).
(e) Consistency
For any deterministic random variable 7 with S = 1 and t;, = teR, CVaRy() = t.
(f) Equivalence between Expected Utility and Certainty Equivalent
If CE4(R)€Q is the CVaR, induced Certainty Equivalent of a given random revenue R
and EU4(R) = E{ Uy|R, Fy()] }, then,
CE4R) = EUy(R). (11)
(g) Convexity in the probabilities

If Ry, R, and R,, with Fy, Fy and Fy, € ¥ are such that Fy = O-Fy, + (1-)-Fr,, then,

Ry
CVaR,(Ry) < ¢-CVaR4R)) + (1-¢)-CVaR4[R,) V ¢p<]0,1].

(h) Risk Averse
If CE4(R)€Q is the CVaRy induced Certainty Equivalent of R, then,
CEqR) < ER) for all ae(0,1).

Alternatively, following the expected utility characterization of risk-aversion, for all

Fre¥, Uqy| . ,Fr()] is concave (see [11] Remark 4.1).

Proof. (a) to (e) are the coherence properties verified for the CVaR risk measure in [10] and
also verified in [11] for the RCE general form.

Since (e) will play a key role in property (f), it will be conveniently repeated here. We use
the VaR,, definition in (2) for a stepwise probability function F,(r)=0,,,(r), where d,(r)=1 if
re A, with ACQ, and zero for all other cases. For this specific probability function,

VaRy(t) = min{r | 6,,5,() > 1-a} =t
which applied in definition (3) will lead to

CVaRy(t) = Ee{t | t<t} =1,
or alternatively, use Remark 1 with S = 1.

(f) The Certainty Equivalent (CE(R)€Q) of a CVaR maximizer agent for a given random
revenue R can be understood as the real value for which such agent becomes indifferent to

the stochastic revenue outcome R. This statement implies in CVaRy[CE4(R)] = CVaRy(R).
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But from consistence property (e), the left-hand side of this equality is exactly the CEq(R),
once it is a deterministic real value. Then,
CEq([R) = CVaRy(R) (12)
Finally, it is possible to verify (11) through (12), (9) and (10):
CEqR) = CVaRy(R) = E{Uq[R, Fy()]} = EUyR).
(g) For each point z in Q, H( ., z):¥—Q is an affine function of dFy(.) (see expression (13)).
HR.2) = HE()) = 2= (1-0)" [ (r = 2)| ~dE (13)

The previous statement combined with the fact that ' is a convex set and z (a.,R) always
exists (proof provided in [27]), allows us to conclude that: since the CVaR is a maximum
over a set {H(F(.),2)},c of affine functions in ‘P, it is convex.

(h) Due to (12) and (3) we have that

CEqR) = CVaRy(R) = E[R | R < VaR,[R)] = g(a)
where,

o) =E{R | R<F'(1-0]} v t €[0,1] (14)
g(t) is a non-increasing function of t, since Fy'(1-t) is a cumulative distribution and thus,
non-increasing in te [0,1]. Due to that:

ER) = lim,,g(t) 2 g(a) = CEqR) V ael0,1].

Alternatively, following the expected utility characterization of risk-aversion, for all Fye'P,
Uq . ,Fr()] is concave (see [11] Remark 4.1), which has been verified in Theorem 1 (see also

23]). [

Properties (a) to (e) are known in the recent literature as coherence properties and
constitute a set of desirable preference properties that are backed up by financial
interpretations. For a whole discussion of the relevance of these properties and its

implications, references [7][8][9][10][11] are suggested.

Remark 4 An important intermediary result obtained on proving property (f) is the
following: the CVaR, preference index of a given random variable is its certainty equivalent.
This may be of great interest in many different fields such as Investment and Management

Science, Actuarial Science, etc.
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Remark 5 In addition to Remark 4, the existence of a probability-dependent expected utility
form for such functional, with the equivalence property stated in (f), provides a starting
point to solve some practical disagreements, e.g., in the case of multi-period preferences
based on per-period separable expected utility functionals and the related estimation of their
impatience discount factors’. In this sense, as the EU index meets exactly the CE, by
measuring the preference of a multi-period cash flow through the discounted expected
utilities or through the related certainty equivalents, it will result the same numerical indexes
and preferences. In this sense, the estimation of a timing discount factor turns to be an easier

task, since in this case, we are dealing with a monetary and deterministic equivalent flow.

4. EXTENDING THE PREFERENCE FUNCTIONAL

As shown before, the CVaR, preference index has shown to be the Certainty Equivalent
of the assessed random variable. In this context, the agent CE ignores the whole probability
distribution above the (1-a) quantile. It seems reasonable that for two different random
outcomes with the same CVaR,, metric, but different expected values, a rational agent would
prefer the one which provides the greatest unconditioned expectation.

The convex combination of this functional with the unconditioned expectation, which
now will be referred to as the Extended CVaR Preference (ECP), would let the decision
maker to express its preference for both “worst cases” (for o greater than 0.5) and
distribution average, as follows:

D, ([R) = A-CVaRyR) + (1 —A)-ER) with Ae[0,1] (15)

For such functional, the same approach used before on expressions (9) and (10) can be
used, in order to provide its probability-dependent expected utility form:

D (R) = ME{Z (0R) - [R - 2 (@R)] | /(1-0)} + (1 - )R (16)
Expression (16) will let us to access Ug3:QxY—R for any ae[0,1) and A€[0,1] as follows:

Uaplr, ()] = A{ Fy'(1-o) — [r = F ' (1-o0] | 7/(1-00) } + (1= A)r a7
Thus, by means of expression (17) we finally reach the probability-dependent expected utility

form of the ECP functional:

9 See [21] for an entire discussion about this topic and for further references.
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Qo (R) = E{ Uaa[R, Fr()] } (18)

Theorem 2
For all A€(0,1] and ae(0,1) that provide risk-aversive attitudes, Theorem 1 will hold for the ECP

Sunctional with probability-dependent utility function Ug .

Proof. Thus, let (17) be rewritten in order to evidence the probability dependence in Ug, as
done before:

Uaalt, Fr()] = A-Go[Fr()] + (1 = A)r + A:min{0, r — Go[Fr()]}/(1-ar)

Where, Go:¥—>Q is defined as Gq[Fg()] = Fy'(l-o), according to (2), for any
distribution Fy(.)e'Y.

I. It is sufficient to verify that for all Fy() e, Uga[ . , Fr()] is the sum of an affine
function (A-Gg[Fr()] + (1 — A)'r) and the minimum of two other affine functions,
which is clearly a continuous piecewise concave function, with an unique break point
(slope change) on the quantile Gg4[Fy(.)] (see Figure 4 for graphical illustration of
Uapl -, FrOD-

II. Range compactness can be shown through the same rationale stated before: since
range(Go)=Q (by definition of quantile function) and reQ), then,

Uaalr, Fr()] = Uap{r, Ga[Fr()]}:QxQ—>R
Because RxR, in which QxQ is embedded, and R* are isomorphic, it is possible to
redefine U as:

Uapft, GalFy 01} = Uap¥) = ) + £)
Where,

v =1, Go[Fr(O)]] € V

V is a compact subset of R?, being the isomorphic image of QxQ in this space;

f,(v) =a"v and f,(v) = min(0, b"v)/(1-a);

with, a' = [(1-1), \] and b" = [\, -A].
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By verifying that f; and f, are both concave and continuous, it follows that Ug is a
continuous map between a compact set (QxQ) and the real line R. Then, range(Uq)) is
compact'’.

II. Forall r < Fy'(1-ov),
Uaalt, Bl = A-GalFo O] + (1 = W)t + A{r — Ga[Fy (O]} /(1-0)
= (P + (10)-(1-0)] - GalFy Ol }/(1-0)
= { r[(1-0) + aA] = GolFy()]-0h }/(1-0) <t
if and only if r < Go[Fr()] = Fy'(1-), which is the previous hypothesis.
For all r > F'(1-a),

Uaalt, Fo)] = A-GalFo(O] + (1 = W) <1
if and only if r > G4[Fx()] = Fy'(1-), which is again the previous hypothesis.
For r = Fy''(1-o)

Uaa[Fy (10, Fy()] = Fy'(1-0).

In order to provide a graphical visualization of (17), the key is to analyze this function
for each segment, r < Fy'(1-a) and r > Fy '(1-av), verifying that on r = Fy'(1-a), Uga[ . ,Fr()]
is continuous, as done in Theorem 1’s proof, extension (III). The next figure shows the

shape of such utility.

10 Again, for further details see [20], Theorem 3.64 (a)
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UQ,;L[I', FR()]

FR‘l (1 —(X,) __________________________

1
1-a

Frl(1-0) = VaRy(R) t

1+ A-a-(1-a)!

— Frl(l-0)-a-A/(1-at) A

Figure 4 — The q)a’x local piecewise linear utility function, for a fixed revenue distribution Fr(.).
Properties 1 can be straightforwardly verified for the extended functional since the

mathematical expectation operator E(.) is linear, homogeneous and risk-neutral, providing
(depending on the o and A risk-averse parameters) preferences that can be risk-averse or

neutral, but never risk-taker.

Properties 2

Properties 1 can be extended to the ECP functional (®@3).

Proof.

Properties (a) to (e) can be demonstrated separately for both operators, CVaRy(.) and
E(.), since the extended functional is a weighted average of them. Thus, as E()) is known to
attend these properties, so will D .

Property (f) follows the same approach used before:

P [CEap(R)] = Pop(R)

A-CVaR[CEq . (R)] + (1-1)-E[CEq.[R)] = P, (R).

By property (e) — consistency, we have that CEq(R) = @ (R). Thus, due to (18) we
conclude that CEq,(R) = E{Uq[R, Fr()]}, providing the equivalence between the expected
utility form and the associated certainty equivalent of such functional.

For property (g), again the same approach used before can be followed. Since the

unconditioned expectation (the last term of expression (15)) is linear in the probabilities,
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@, being a sum of a convex function (CVaRy) with an affine function (E(.)), will also be
convex in the probabilities.

The risk-averse property will depend on the A and o parameters. If A = 0, or o = 0, D
will be reduced to the unconditional expectation and then, a @ maximizer will behave as a
risk-neutral agent. For A€ (0,1] and a€(0,1), the convex combination between the CVaRy
and the unconditioned expectation will be smaller or equal to the latter, due to property (h).

[

Before exploring some implications in the use of this functional, a slight revision on
remark 3 must be done in order to adjust the investment interpretation for the ECP’s
implicit local utility. In this case, by choosing A€ (0,1) and a.e(0,1), @y maximizers will do
differentiate surplus outcomes (greater than the critical point VaRy(R)) with a marginal utility

of (1-N).

5. IMPLICATIONS OF USING @,; AS A PREFERENCE
The well known Allais Paradox (see [5][6][23]) has raised from the nonlinear

characteristic (in the probability set) of the related choices presented in the Paradox instance.
In order to provide an illustrative implication of the convexity property verified on the
functional @y, it will be submitted to a given instance of the aforementioned paradox. After
that, by means of a simple example of a mixture between two lotteries, the convexity in
probabilities will be graphically represented.

Consider a pair of two alternative lotteries (discrete random variables) with fixed support
and different probabilities, as shown in the next figure, in which arrows indicates the

existence of a probability atom.
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Figure 5 — Two alternative lotteries (R* and RB) — part of the Allais Paradox.

A90% 5 ;
| *10%
| i RC
A89% ; ;
11% ;
0% 1 M$ 5M$ R

Figure 6 — Two alternative lotteries (R® and RP) — part of the Allais Paradox.

The so-called “Allais Paradox™ was first proposed as an empirical experiment in which
individuals were asked to rank two pairs of lotteries: (A »s. B) and then (C »s. D). The
majority of questioned individuals shown to prefer to bet in R” rather than in R*, and for the
second options, the preferred ordering was R rather than RP. Since such ordering is
impossible to be recovered by any classical von Neumann-Morgenstern (vIN-M) utility
function U:R—R, the classical utility axioms were criticized by Maurice Allais in [5][6]. For
further explanations and related implications of this paradox see [23].

(Attending the First Choice): (R” ), R"):
E[UR"] > E[UR"Y] = 100%-U(1) > 10%:-U(5) + 89%-U(1) + 1%-U(0)
= 11%-U1) > 10%-U(5) + 1%-U(0)

(Attending the Second Choice): (R® ), R”):

E[URY] > E[URD)] = 10%-U(5) + 90%:-U(0) > 11%:-U(1) + 89%-U(0)
= 11%-U(1) < 10%-U() + 1%:-U(0)
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These two choices point out a contradiction for any vIN-M utility function. In this sense,
it is possible to find out the region in which the risk-aversive parameters of @3 should be in
order to avoid this paradox. For instance, let o0 = 98% and A = 2. The resultant CE’s for

the first two lotteries can be calculated through expression (15), using the CVaR definition in

(6), as follows:
Dy, (RY = V2:(2% - 1%)-1/2% + Va-(1%-0 + 89%:1 + 10%-5)= 0.945
Dy, R%) = Vol + V21 = 1,
providing the demanded ordering for the first pair of lotteries, R” Jo,, . R". The same can be
done for the second pair,
Dy, RY) = Y20 + V2-(90%:-0 + 10%-5)= 0.250
Dy, (R®) = V20 + 12-(89%-0 + 11%-2500)= 0.055
which will attend to the second demanded ordering on the illustrated Paradox instance.

Essentially, the independence axiom is being violated by such pair of choices, which

ultimately let us to verify the effect of convex preferences in probabilities, captured by the
Dy, It is important to emphasize that this will not be verified for all plausible risk-averse
parameters (a,A)€(0,1)x[0,1], which is indeed desirable, making it possible to accommodate
both classes of behavior. For this case, the set of pairs for which this paradox will be
captured by @ can be obtained through the following two constraints on the parameters
set: @) (R%) > Dy (RY and DR > Py (RP). Figure 7 shows on the Cartesian space

(o,1) €(0,1)x[0,1] the pairs that attend to the above condition.

Parameters Domain - Allais Paradox Preference
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Figure 7 — Risk Averse parameters (of the functional q)a,k) that capture the Allais Paradox Preferences.
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Figure 7 shows that the aforementioned instance of the Allais Paradox is preferentially
captured by more risk aversive attitudes, since it concentrates the majority of the paradox
area on the set (>50%, A>50%), but also reveals that for A=100% (in which the functional
@, ignores the expected value term) the paradox strict preferences are not verified. This
happens because the preference between R* and R” changes at the same point (=10%) that
it changes for R“ and R”, as a consequence of the symmetry present on such instance.
Despite of this singularity, for greater values of o, the CVaR,, exhibits indifference between
R® and R”, since these are the cases in which the worst value is assigned to the CVaR,,.

In fact, for discrete random variables, whenever P(R,) 2 1-a the case outlined in Remark
1 will be observed and the CVaR,, response will be constant and equal to R;. Then, as P(R,)
crosses down the 1-a threshold, the remaining probability 1 - o - P(R;) will weigh R, and
provide a different response as P(R;) decreases. As a consequence, a convex response
(preference) can be drawn by varying the probabilities assigned to a set of scenarios
according to Properties 1(g).

In order to provide a visualization of the CVaR convexity in the probability set, consider
a convex probability mixture Fy, = O-Fy, + (1-¢)-Fy,, with ¢€[0,1], of the following lotteries
(discrete random variables):

R, = {(10, 1%); (100, 99%)} and R, = {(10, 99%); (100, 1%)}

The mixture distribution will combine the individual probabilities, resulting in a third
distribution:

Ry = {(10, ¢-0.01 + (1-¢)-0.99); (100, ¢-0.99 + (1-¢)-0.01)}

Then, by selecting a=95% and A=100%, @, ,Ry) = CVaR,, (Ry). The specified
preference locus is illustrated in the next figure, parameterized on ¢, on the two-dimensional
probability space. According to (6),
Dos,1(Ry) = (5%0) " { Zpociioony ) PRIR + Ry [1 - 00 - Ty, PR)]

if ¢-0.01+(1-¢)-0.992>0.05, then: 10

~)if ¢-0.01+ (1—¢)-0.99 < 0.05, then : 5-90-(¢-o.210+5(1-¢)-o.99)

B if 0<¢$p<94/98, then: 10
if 1>¢>94/98, then: ¢-1764-1682]
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* ‘/' P¢2

P’ with ¢* = 94/98
Figure 8 — The CVaRosy, in the probability space — for a mixture of two lotteries
In the above figure, the bold line is the [¢p, CVaR,, (Ry)] pait, for all possible values of
¢ <[0,1]. On the sum one probability line (at the P xp?, plane) there are three marked points
in terms of ¢ values. On ¢ = 0 the mixture distribution meets exactly R, and as ¢ grows it
moves to R,, passing through point ¢~ = 94/98. For all ¢p€[0, 94/98], the CVaR,,,(Ry)
provides the same constant value, 10 $, since s'(a,R) = 1 (see Remark 1). But for p[94/98,
1] it rapidly increases at a marginal rate of 1764 $, reaching the CVaR;,(R) =82 ond =1
due to a change in s'(a,R) from the first to the second scenario. Figure 8 has shown a simple

illustration of the convexity of @ for a specific case in which A=100%. By varying ¢ it was
possible to track the CVaR outcome for a given lottery path in the probability space and

visualize its piecewise form due to the discrete nature of such lotteries.

6. CONCLUSIONS

This work has explored the Conditional Value-at-Risk and its extension ECP as a
preference functional, which has been the choice of many financial institutions and investors
to take decisions under risk. In this sense, an alternative for the Choquet Expected Utility
representation was provided through a probability-dependent utility function based on
Rockafellar and Uryasev’s developments (|25]). Such utility has shown to be a two-segment
and piecewise concave function with a fixed point on the assessed distribution (1-o) Value-
at-Risk (the left-tail 1-o0 quantile), which has also allowed the relativistic investment

interpretation.
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Finally, the CVaR preference, which is a particular case of the RCE (or OCE as in [12])
and CEU, has shown interesting properties such as the verified equivalence between the
expected utility form and the associated certainty equivalent. This property can support
different types of pricing applications and, as argued in remark 5, some possible
simplifications in multi-period decision problems. An example for the convexity in
probabilities implication on preferences was provided by means of the so-called Allais
Paradox prospects and also graphically illustrated for a simple bi-dimensional parameterized

lottery.

7. ACKNOWLEDGMENTS

The author thanks for all comments and ideas of Sergio Granville and Mario Veiga
(from PSR-Consulting), Gustavo Ayala, Adrian Pizzinga, Bernardo Pagnoncelli (from PUC-
Rio) and Raphaél Giraud (from Univ. of Franche Conté). This author gratefully
acknowledges and specially thanks José Heleno Faro (IMPA) for the time spent in many
insightful discussions and for all ideas proposed for this work. Finally, this author thanks for
the comments during FUR2008, for the support provided by the Electrical Engineering
Department of PUC-Rio and CNPq on this research and for Eliane Lopes for all exhaustive

revisions on the first draft of this work.

8. REFERENCES

[1]  A. Shapiro, A. Ruszczynski, “Lectures on Stochastic Programming”, November 2007.
Available on-line at: http://wwwZ2.isye.gatech.edu/~ashapiro/

[2]  A. Street, “Certainty Equivalent and Risk Measures in Electrical Energy Trade
Decisions”, PhD Thesis, Electrical Engineering department of the Pontifical Catholic
University of Rio de Janeiro (PUC-Rio), February 2008.

[3]  A. Street, L.A. Barroso, R. Chabar, A. Mendes, M.V.Pereira, “Pricing Flexible Natural
Gas Supply Contracts under Uncertainty in Hydrothermal Markets”, IEEE
Transactions on Power Systems, vol. 23, no. 3, august 2008.

[4]  Street, A., Barroso, L. A., Flach, B., Pereira, M.,&Granville, S. (2009). Risk constrained

portfolio selection of renewable sources in hydrothermal electricity markets, Accepted

~22 ~



for  publication in IEEE Transactions on Power Systems, D.O.L:

10.1109/TPWRS.2009.2022981.

Allais, Maurice, “The Foundations of a Positive Theory of Choices Involving Risk and
a Criticism of the Postulates and Axioms of the American School”, in Allais and
Hagen (1979).

Allais, Maurice and Ole Hagen, eds., “Expected Utility Hypothesis and the Allais
Paradox”, Dordrecht, Holland: D. Reidel, 1979.

Acerbi, C., “Coherent measures of risk in everyday market practice”, Quantitative

Finance, Vol. 7, No. 4, 359-364, August 2007.

Acerbi, C. and Tasche, D., Expected shortfall: a natural coherent alternative to value

at risk. Econ. Notes, 31(2), 379-388, 2002b.

Andrzej Ruszczynski & Alexander Shapiro, "Optimization of Measures," Risk and
Insurance 0407002, EconWPA, 2004.

Artzner, Philippe, Freddy Delbaen, Jean-Marc Eber, David Heath, “Coherent
Measures of Risk”, Mathematical Finance 9 no. 3, 203-228, 1999.

A. Ben-Tal, and A. Ben-Israel, “A Recourse Certainty Equivalent for Decisions Under

Uncertainty”, Annals of Operation Research, 30, 3-44, 1991.

A. Ben-Tal andM. Teboulle, “An Old-New Concept of Convex Risk Measures: The
Optimized Certainty Equivalent”, Mathematical Finance, 17(3):449-476, 2007.

B. K. Pagnoncelli, S. Ahmed, A. Shapiro, “Sample Average Approximation method
for chance constrained programming: theory and applications”, accepted for
publication in JOTA. To appear in Journal of Optimization Theory and Applications
(JOTA), 2009.

D. Ellsberg, “Risk, ambiguity and savage axioms”, Quarterly Journal of Economics,
75, 643-669, 1961.

G.J. Alexander and A.M. Baptista. “A comparison of VaR and CVaR constraints on

portfolio selection with the mean-variance model”. Management Science, 2003.

G.W. Basset Jr., R. Koenker, G. Kordas, “Pessimistic Portfolio Allocation and
Choquet Expected Utility”, Journal of Financial Econometrics, Vol. 2, No. 4, 477-492,
2004.

~23 ~



[17]
[18]

J.Birge, F.Louveaux, Introduction to Stochastic Programming, Springer, 1997.

J.Higle, S. Wallace, “Managing Risk in the new power business: a sequel”, IEEE
Computer Applications in Power, 2001.

Jorion, P., “Value at Risk: The New Benchmark for Controlling Market Risk”,
McGraw-Hill, 1997.

Kubrusly, Carlos S., “Elements of Operator Theory”, Birkhiduser, 2001; ISBN:0-8176-
4174-2.

M. Baucells, R.K. Sarin, “Evaluating Time Streams of Income: Discounting What?”,

Theory and Decision, 63:95-120, 2007

M. Carrién, A. J. Conejo, and J. M. Arroyo “Forward contracting and selling price
determination for a retailer,” IEEE Trans. on Power Syst. Vol. 22, no. 4, pp. 2105—
2114, Nov. 2007.

Mark. J. Machina, “Expected Utility Analysis without the Independence Axiom?”,
Econometrica, 277-323, 50(1982).

Mark. J. Machina, “Risk, ambiguity, and the rank-dependence axioms”, American

Economic Review, forthcoming (2008).
R.T. Rockafellar, “Convex Analysis”, Princeton University Press, Princeton, 1970.

R.T. Rockafellar and S.P. Uryasev, “Optimization of Conditional Value-at-Risk”, The
Journal of Risk, 21-41, 2 (2000).

R.T. Rockafellar and S.P. Uryasev, “Conditional Value-at-Risk for a General Loss
Distribution”, Journal of Banking & Finance, 1443-1471, 26 (2002).

S.Fleten, S.Wallace, W.Ziemba, “Portfolio Management in a Deregulated Hydropower
Based Electricity Market”, Hydropower’97 Proceedings, Trondheim, August 1997.

T. S. Ferguson, “Mathematical Statistics: A Decision Theoretic Approach”, New
York: Academic Press, 1967.

von Neumann, J.; Morgenstern, O. “Theory of Games and Economic Behaviour”

Princeton Press, 1947; ISBN 0-691-00362-9.

~ 24 ~





