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2005.

HTTP://WWW.MATH.BROWN.EDU/FACULTY/FEDERER.HTML
HTTP://MATH.U-BOURGOGNE.FR/IMB/LANGEVIN/
http://math.u-bourgogne.fr/IMB/langevin/06_10_introdintegral
http://math.u-bourgogne.fr/IMB/langevin/06_10_introdintegral
http://www.polytechnique.fr
HTTP://WWW.WILLIAMS.EDU/GO/MATH/FMORGAN/
http://www.academicpress.com
HTTP://WWW.MATH.POLYTECHNIQUE.FR/
HTTP://WWW.ABC.ORG.BR/ENGLISH/ORGN/ACAEN.ASP?CODIGO=MANFREDO
DBD
PUC-Rio - Certificação Digital Nº 0610731/CA



A
Maple worksheet for the 2d case

A.0.1
Global parameters

Accuracy

Digits := 5 :

Epsilon

epsilon := 0.1 :

Overlapping

trans := 9/10 :

Graphics viewport

xm := -1.1 - trans : xM := +1.1 + trans : ym := -1.1 : yM := +3.1 :

Immersion

X := t -> t ; Y := t -> sqrt(abs(t)) ;

X := t 7→ t

Y := t 7→
√

|t|

A.0.2
Test functions

> phi unnorm := t-> piecewise( -1<t and t<1, exp((-t^2)/(1-t^2)),

0 );

phi unnorm := (s, t) 7→

e
− s2+t2

1−s2−t2 s2 + t2 < 1

0 otherwise

> Digits cpy := Digits :

> Digits := max( Digits, 20 ) :

> norm phi := evalf( Int( phi unnorm(t), t=-1..1 ) ) ;

> Digits := Digits cpy :

norm phi := 1.2069003224378761753
> phi := t -> phi unnorm(t) / norm phi :

> plot( phi unnorm(x), x=xm..xM, y=ym..yM, scaling=constrained )

;

ϕ := t 7→ phi unnorm(t)
norm phi
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> TFonction := proc( a,m )

> local A, f, fe, dfe, ddfe ;

> global phi, epsilon, trans ;

>

> A := sum( a[i], i=1..nops(a) ) ;

>

> f := simplify( t -> sum( a[i]*phi(t+m[i]*trans),

i=1..nops(a) ) / A ) ;

> fe := t -> f(t/epsilon) / epsilon ;

> dfe := simplify( t -> subs( u=t, diff( fe(u),u ) ) ) ;

> ddfe := simplify( t -> subs( u=t, diff( dfe(u),u ) ) ) ;

>

> print( plot( [ epsilon * fe( epsilon * x ), epsilon^2 *

dfe( epsilon * x ), epsilon^3 * ddfe( epsilon * x ) ], x=xm..xM,

y=ym..yM, scaling=constrained, color=[red, navy, green] ) ) ;

> return fe, dfe, ddfe ;

> end proc :

A.0.3
Convolutions
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> convole := proc( phi, dphi, ddphi, q )

> global X,Y, trans, xm,xM,ym,yM, epsilon ;

> local x,y, dx,dy, ddx, ddy, x0,y0, dx0,dy0, ddx0, ddy0, tg,

ntg, crv, tm,tM ;

>

> tm := epsilon * (-1.0-trans) ;

> tM := epsilon * ( 1.0+trans) ;

>

> x := z -> evalf( Int( X(z-t) * phi (t), t=tm..tM ) ) ;

> y := z -> evalf( Int( Y(z-t) * phi (t), t=tm..tM ) ) ;

> dx := z -> evalf( Int( X(z-t) * dphi (t), t=tm..tM ) ) ;

> dy := z -> evalf( Int( Y(z-t) * dphi (t), t=tm..tM ) ) ;

> ddx := z -> evalf( Int( X(z-t) * ddphi(t), t=tm..tM ) ) ;

> ddy := z -> evalf( Int( Y(z-t) * ddphi(t), t=tm..tM ) ) ;

>

> x0 := x (q) ;

> y0 := y (q) ;

> dx0 := dx (q) ;

> dy0 := dy (q) ;

> ddx0 := ddx(q) ;

> ddy0 := ddy(q) ;

>

> tg := evalf( dy0 / dx0 ) ;

> ntg := sqrt( dx0^2 + dy0^2 ) ;

> crv := evalf( ( dx0*ddy0 - dy0*ddx0 ) / ntg^3 ) ;

>

> print( "At ", x0,y0, " tg=", tg, " crv=", crv ) ;

>

> plot( [ [x(z),y(z),z=-1..1], tg*(z-x0) + y0, [x0-dy0/crv/ntg

+ sin(theta)/crv,y0+dx0/crv/ntg - cos(theta)/crv,theta=0..2*Pi]

], x=epsilon*xm..epsilon*xM, y=epsilon*ym..epsilon*yM, scaling=constrained,

color=[red,navy,green], thickness=[3,5,2] ) ;

> end proc :

A.0.4
Results

Basic test function

phie, dphie, ddphie := TFonction( [3],[0] ) : convole( phie, dphie,

ddphie, 0 ) ;
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Positive and symmetric double bump test function

phie 2sym, dphie 2sym, ddphie 2sym := TFonction( [1,1], [-1,+1] )

: convole( phie 2sym, dphie 2sym, ddphie 2sym, 0 ) ;
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Positive and non-symmetric double bump test function

phie 2dis, dphie 2dis, ddphie 2dis := TFonction( [2,1], [-1,+1] ) :

convole( phie 2dis, dphie 2dis, ddphie 2dis, 0 ) ;
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Non-positive and symmetric triple bump test function

phie nsym, dphie nsym, ddphie nsym := TFonction( [-1,3,-1], [-

1,0,+1] ) : convole( phie nsym, dphie nsym, ddphie nsym, 0 ) ;
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Non-positive and non-symmetric double bump test function

phie ndis, dphie ndis, ddphie ndis := TFonction( [2,-1], [-1,+1] ) :

convole( phie ndis, dphie ndis, ddphie ndis, 0 ) ;
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B
Maple worksheet for the 3d case

B.0.5
Global parameters

Accuracy

Digits := 10 :

Epsilon

epsilon := 0.1 :

Overlapping

trans := 9/10 :

Graphics viewport

xm := -1.1 - trans : xM := +1.1 + trans : ym := -1.1 - trans : yM

:= +1.1 + trans : zm := -1.1 : zM := +3.1 :

Immersion

X := (s,t) -> s ; Y := (s,t) -> t ; Z := (s,t) -> sˆ2 + tˆ2 ;

X := (s, t) 7→ s

Y := (s, t) 7→ t

Z := (s, t) 7→ s2 + t2

B.0.6
Test functions

> phi unnorm := (s,t)-> piecewise( (s^2) + (t^2) <1, exp(-(s^2 +

t^2)/(1-s^2 - t^2)), 0 );

phi unnorm := (s, t) 7→

e
− s2+t2

1−s2−t2 s2 + t2 < 1

0 otherwise

> Digits cpy := Digits :

> Digits := max( Digits, 10 ) :

> norm phi := evalf( Int(Int( phi unnorm(s,t), s=-1..1), t=-1..1

) ) ;

> Digits := Digits cpy :

norm phi := 1.268112161
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> phi := (s,t) -> phi unnorm(s,t) / norm phi :

> plot3d( phi unnorm(x,y), x=xm..xM, y=ym..yM, scaling=constrained,

axes=boxed ) ;
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> TFonction := proc( a,m,n )

> local A, f, fe, dfeu, dfev, ddfeu, ddfev, ddfeuv ;

> global phi, epsilon, trans ;

>

> A := sum( a[i], i=1..nops(a) ) ;

>

> f := simplify( (s,t) -> sum( a[i]*phi(s+m[i]*trans,

t+n[i]*trans), i=1..nops(a) ) / A ) ;

> fe := (s,t) -> f(t/epsilon, s/epsilon) / epsilon ;

> dfeu := simplify( (s,t) -> subs( u=s, v=t, diff( fe(u,v),u

) ) ) ;

> dfev := simplify( (s,t) -> subs( u=s, v=t, diff( fe(u,v),v

) ) ) ;

> ddfeu := simplify( (s,t) -> subs( u=s, v=t, diff( fe(u,v),u,u

) ) ) ;

> ddfev := simplify( (s,t) -> subs( u=s, v=t, diff( fe(u,v),v,v

) ) ) ;

> ddfeuv := simplify( (s,t) -> subs( u=s, v=t, diff( fe(u,v),u,v

) ) ) ;

>

> print( plot3d( [ epsilon * fe ( epsilon * x, epsilon * y )

], x=-2..2, y=-2..2, scaling=constrained ) ) ;

> return fe, dfeu, dfev, ddfeu, ddfev, ddfeuv ;

> end proc :

B.0.7
Convolutions

DBD
PUC-Rio - Certificação Digital Nº 0610731/CA



Distributions and Immersions 56

> convole := proc( phi, dphiu, dphiv, ddphiu, ddphiv, ddphiuv,

q, p )

> global X,Y,Z, trans, xm,xM,ym,yM, epsilon ;

> local x,y,z, dxu,dxv,dyu,dyv,dzu,dzv, ddxu,ddxv,ddxuv,ddyu,ddyv,ddyuv,ddzu,ddzv,ddzuv,

x0,y0,z0, dxu0,dxv0,dyu0,dyv0,dzu0,dzv0, ddxu0,ddxv0,ddxuv0,ddyu0,ddyv0,ddyuv0,ddzu0,ddzv0,ddzuv0,

tg, tm, tM, crv ;

>

> tm := epsilon * (-1.0-trans) ;

> tM := epsilon * ( 1.0+trans) ;

>

> x := (u,v) -> evalf( int(int( X(u-s,v-t) * phi (s,t),

s=tm..tM), t=tm..tM ) ) ;

> y := (u,v) -> evalf( int(int( Y(u-s,v-t) * phi (s,t),

s=tm..tM), t=tm..tM ) ) ;

> z := (u,v) -> evalf( int(int( Z(u-s,v-t) * phi (s,t),

s=tm..tM), t=tm..tM ) ) ;

>

> dxu := (u,v) -> evalf( int(int( X(u-s,v-t) * dphiu

(s,t), s=tm..tM), t=tm..tM ) ) ;

> dxv := (u,v) -> evalf( int(int( X(u-s,v-t) * dphiv

(s,t), s=tm..tM), t=tm..tM ) ) ;

> dyu := (u,v) -> evalf( int(int( Y(u-s,v-t) * dphiu

(s,t), s=tm..tM), t=tm..tM ) ) ;

> dyv := (u,v) -> evalf( int(int( Y(u-s,v-t) * dphiv

(s,t), s=tm..tM), t=tm..tM ) ) ;

> dzu := (u,v) -> evalf( int(int( Z(u-s,v-t) * dphiu

(s,t), s=tm..tM), t=tm..tM ) ) ;

> dzv := (u,v) -> evalf( int(int( Z(u-s,v-t) * dphiv

(s,t), s=tm..tM), t=tm..tM ) ) ;

>

> ddxu := (u,v) -> evalf( int(int( X(u-s,v-t) * ddphiu

(s,t), s=tm..tM), t=tm..tM ) ) ;

> ddxv := (u,v) -> evalf( int(int( X(u-s,v-t) * ddphiv

(s,t), s=tm..tM), t=tm..tM ) ) ;

> ddxuv := (u,v) -> evalf( int(int( X(u-s,v-t) * ddphiuv

(s,t), s=tm..tM), t=tm..tM ) ) ;

> ddyu := (u,v) -> evalf( int(int( Y(u-s,v-t) * ddphiu

(s,t), s=tm..tM), t=tm..tM ) ) ;

> ddyv := (u,v) -> evalf( int(int( Y(u-s,v-t) * ddphiv

(s,t), s=tm..tM), t=tm..tM ) ) ;

> ddyuv := (u,v) -> evalf( int(int( Y(u-s,v-t) * ddphiuv

(s,t), s=tm..tM), t=tm..tM ) ) ;

> ddzu := (u,v) -> evalf( int(int( Z(u-s,v-t) * ddphiu

(s,t), s=tm..tM), t=tm..tM ) ) ;

> ddzv := (u,v) -> evalf( int(int( Z(u-s,v-t) * ddphiv

(s,t), s=tm..tM), t=tm..tM ) ) ;

> ddzuv := (u,v) -> evalf( int(int( Z(u-s,v-t) * ddphiuv

(s,t), s=tm..tM), t=tm..tM ) ) ;

>
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> x0 := x (q,p) ;

> y0 := y (q,p) ;

> z0 := z (q,p) ;

>

> dxu0 := dxu (q,p) ;

> dxv0 := dxv (q,p) ;

> dyu0 := dyu (q,p) ;

> dyv0 := dyv (q,p) ;

> dzu0 := dzu (q,p) ;

> dzv0 := dzv (q,p) ;

>

> ddxu0 := ddxu(q,p) ;

> ddxv0 := ddxv(q,p) ;

> ddxuv0 := ddxuv(q,p) ;

> ddyu0 := ddyu(q,p) ;

> ddyv0 := ddyv(q,p) ;

> ddyuv0 := ddyuv(q,p) ;

> ddzu0 := ddzu(q,p) ;

> ddzv0 := ddzv(q,p) ;

> ddzuv0 := ddzuv(q,p) ;

>

> tg := linalg[matrix](2,2,[evalf (dzu0 / dxu0), evalf(dzv0

/ dxv0), evalf(dzu0 / dyu0), evalf(dzv0 / dyv0)]);

>

> crv := linalg[matrix](3,3,[ddxu0, ddxuv0, ddxv0, ddyu0,

ddyuv0, ddyv0,ddzu0, ddzuv0, ddzv0]);

>

>

> print( "At ", x0,y0,z0, " tg=", tg , "crv=", crv) ;

>

> end proc :

B.0.8
Results

Basic test function

phie, dphieu, dphiev, ddphieu, ddphiev, ddphieuv := TFonction(

[1],[0],[0] ) ; convole( phie, dphieu, dphiev, ddphieu, ddphiev, dd-

phieuv, 0, 0 ) ;
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phie, dphieu, dphiev , ddphieu, ddphiev , ddphieuv := fe, dfeu, dfev , ddfeu, ddfev , ddfeuv

Error, (in evalf/int) unable to convert to pwlist

Positive and axis symmetric test function

phie sym, dphieu sym, dphiev sym, ddphieu sym, ddphiev sym, dd-

phieuv sym := TFonction( [1,1,1,1],[1,0,-1,0],[0,1,0,-1] ) ; convole(

phie 2sym, dphie 2sym, ddphie 2sym,phie 2sym, dphie 2sym, dd-

phie 2sym,0, 0 ) ;

phie sym, dphieu sym, dphiev sym, ddphieu sym, ddphiev sym, ddphieuv sym := fe, dfeu, dfev , ddfeu, ddfev , ddfeuv
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Positive and non-symmetric test function

phie dis, dphieu dis, dphiev dis, ddphieu dis, ddphiev dis, dd-

phieuv dis := TFonction( [1,1], [0,+1], [0,1] ) : convole( phie dis,

dphieu dis, dphiev dis, ddphieu dis, ddphiev dis, ddphieuv dis, 0, 0

) ;

Error, (in evalf/int) unable to convert to pwlist

Non-positive and axis symmetric test function

phie nsym, dphieu nsym, dphiev nsym, ddphieu nsym, dd-

phiev nsym, ddphieuv nsym := TFonction( [2,2,-1,-1],[1,-

1,0,0],[0,0,1,-1] ) ; convole( phie nsym, dphieu nsym, dphiev nsym,

ddphieu nsym, ddphiev nsym, ddphieuv nsym,0, 0 ) ;

phie nsym, dphieu nsym, dphiev nsym, ddphieu nsym, ddphiev nsym, ddphieuv nsym := fe, dfeu, dfev , ddfeu, ddfev , ddfeuv
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Error, (in evalf/int) unable to convert to pwlist

Non positive and non-symmetric test function

phie ndis, dphieu ndis, dphiev ndis, ddphieu ndis, ddphiev ndis,

ddphieuv ndis := TFonction( [2,-1], [0,+1],[0,1] ) ; convole(

phie ndis, dphieu ndis, dphiev ndis, ddphieu ndis, ddphiev ndis,

ddphieuv ndis,0, 0 ) ;

phie ndis , dphieu ndis , dphiev ndis , ddphieu ndis , ddphiev ndis , ddphieuv ndis := fe, dfeu, dfev , ddfeu, ddfev , ddfeuv

Error, (in evalf/int) unable to convert to pwlist

>
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