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A
Maple worksheet for the 2d case

A.0.1
Global parameters

Accuracy
Digits := 5 :
Epsilon
epsilon := 0.1 :
Overlapping
trans := 9/10 :
Graphics viewport
xm := -1.1 - trans : xM := +1.1 4+ trans : ym :=-1.1 : yM := +3.1:

Immersion
X:=t->t;Y:=t->sqrt(abs(t)) ;
X =t—t
Y =t /|t
A.0.2

Test functions

> phi unnorm := t-> piecewise( -1<t and t<1, exp((-t~2)/(1-t"2)),
0);

32+t2
e 12 24P <]
phi_unnorm = (s,t) —
0 otherwise
Digits_cpy := Digits :
Digits := max( Digits, 20 )
norm phi := evalf( Int( phi unnorm(t), t=-1..1) ) ;

vV V. V V

Digits := Digits_cpy :
norm_pht = 1.2069003224378761753
phi := t -> phi_ unnorm(t) / norm phi :
plot( phi_unnorm(x), x=xm..xM, y=ym..yM, scaling=constrained )

d) N phi_unnorm(t)
T norm_phi
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> TFonction := proc( a,m )
> local A, f, fe, dfe, ddfe ;
> global phi, epsilon, trans ;
>
> A := sum( a[i], i=1..nops(a) ) ;
>
> f := simplify( t -> sum( ali]*phi(t+m[i]*trans),
i=1..nops(a) ) / A ) ;
> fe =t -> f(t/epsilon) / epsilon ;
> dfe := simplify( t -> subs( u=t, diff( fe(w,u) ) ) ;
> ddfe := simplify( t -> subs( u=t, diff( dfe(w),u) ) ) ;
>
> print( plot( [ epsilon * fe( epsilon * x ), epsilon”2 *

dfe( epsilon * x ), epsilon”3 * ddfe( epsilon * x ) ], x=xm..xM,
y=ym..yM, scaling=constrained, color=[red, navy, green] ) ) ;

> return fe, dfe, ddfe ;

> end proc :

A.0.3
Convolutions
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> convole := proc( phi, dphi, ddphi, q )
> global X,Y, trans, xm,xM,ym,yM, epsilon ;

> local x,y, dx,dy, ddx, ddy, x0,y0, dx0,dy0, ddx0, ddyO, tg,
ntg, crv, tm,tM ;

> tm := epsilon * (-1.0-tramns) ;

> tM  := epsilon * ( 1.0+trans) ;

>

> X := z => evalf( Int( X(z-t) * phi (t), t=tm..tM ) ) ;
> y := z -> evalf( Int( Y(z-t) * phi (t), t=tm..tM ) ) ;
> dx := z => evalf( Int( X(z-t) * dphi (t), t=tm..tM ) ) ;
> dy := z -> evalf( Int( Y(z-t) * dphi (t), t=tm..tM ) ) ;
> ddx := z -> evalf( Int( X(z-t) * ddphi(t), t=tm..tM ) ) ;
> ddy := z -> evalf( Int( Y(z-t) * ddphi(t), t=tm..tM ) ) ;
>

> x0 :=x (@ ;

> yo =y (@ ;

> dx0 :=dx (q) ;

> dyo :=dy (q) ;

> ddx0 := ddx(q) ;

> ddy0 := ddy(q) ;

>

> tg = evalf( dy0 / dx0 ) ;

> ntg := sqrt( dx0°2 + dy0~2 ) ;

> crv := evalf( ( dxO*xddy0 - dyO*ddx0 ) / ntg"3 ) ;

>

> print( "At ", x0,y0, " tg=", tg, " crv=", crv ) ;

>

> plot( [ [x(z),y(z),z=-1..1], tgx(z-x0) + yO, [x0-dy0/crv/ntg

+ sin(theta)/crv,y0+dx0/crv/ntg - cos(theta)/crv,theta=0..2%Pi]

], x=epsilon*xm..epsilon*xM, y=epsilon*ym..epsilon*yM, scaling=constrained,
color=[red,navy,green], thickness=[3,5,2] ) ;

> end proc :

A.0.4
Results

Basic test function
phie, dphie, ddphie := TFonction( [3],[0] ) : convole( phie, dphie,
ddphie, 0 ) ;
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Positive and symmetric double bump test function
phie_2sym, dphie_2sym, ddphie 2sym := TFonction( [1,1], [-1,+1] )
: convole( phie_2sym, dphie_2sym, ddphie 2sym, 0 ) ;
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Positive and non-symmetric double bump test function
phie_2dis, dphie_2dis, ddphie_2dis := TFonction( [2,1], [-1,+1] ) :
convole( phie_2dis, dphie_2dis, ddphie_2dis, 0 ) ;
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“At") —0.029999, 0.29122, “tg =", —0.62308, “crv =", —11.045
Warning, unable to evaluate 1 of the 3 functions to numeric
values in the region; see the plotting command’s help page to

ensure the calling sequence is correct

Non-positive and symmetric triple bump test function
phie nsym, dphie nsym, ddphie nsym := TFonction( [-1,3,-1], [-
1,0,+1] ) : convole( phie_nsym, dphie nsym, ddphie nsym, 0 ) ;
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“At”, 0.0, —0.069909, “tg =", 0.0, “crv =", 145.03

Non-positive and non-symmetric double bump test function
phie_ndis, dphie_ndis, ddphie ndis := TFonction( [2,-1], [-1,4+1] ) :
convole( phie_ndis, dphie_ndis, ddphie_ndis, 0 ) ;
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“At"” —0.27000, 0.29121, “tg =", —5.6081, “crv =", —0.097733
Warning, unable to evaluate 1 of the 3 functions to numeric
values in the region; see the plotting command’s help page to

ensure the calling sequence is correct
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B
Maple worksheet for the 3d case

B.0.5
Global parameters

Accuracy

Digits := 10 :

Epsilon

epsilon := 0.1 :

Overlapping

trans := 9/10 :

Graphics viewport

xm := -1.1 - trans : xM := +1.1 + trans : ym := -1.1 - trans : yM
:= +1.1 + trans : zm := -1.1 : zM := +3.1:

Immersion
X = (s,t) -=>s53Y :=(s,t) ->t ; Z := (s,t) ->8"2 +t"2;
X = (s,t) > s
Y = (s,t)—t
Z = (s,t) — s+ t?
B.0.6

Test functions

> phi_unnorm := (s,t)-> piecewise( (s72) + (t72) <1, exp(-(s"2 +
t72)/(1-8"2 - t72)), 0 );
52442
e 12 242 <1
phi_unnorm = (s,t) —

0 otherwise
Digits_cpy := Digits :
Digits := max( Digits, 10 )
norm phi := evalf( Int(Int( phi_unnorm(s,t), s=-1..1), t=-1..1
)
Digits := Digits_cpy :

norm_phi := 1.268112161

vV ~ V V V
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> phi := (s,t) -> phi_unnorm(s,t) / norm phi
> plot3d( phi_unnorm(x,y), x=xm..xM, y=ym..yM, scaling=constrained,
axes=boxed ) ;

2
> TFonction := proc( a,m,n )
> local A, f, fe, dfeu, dfev, ddfeu, ddfev, ddfeuv ;
> global phi, epsilon, trans ;
>
> A := sum( a[i], i=1..nops(a) ) ;
>
f := simplify( (s,t) -> sum( a[i]l*phi(s+m[i]*trans,
t+n[il*trans), i=1..nops(a) ) / A ) ;
> fe := (s,t) -> f(t/epsilon, s/epsilon) / epsilon ;
dfeu := simplify( (s,t) -> subs( u=s, v=t, diff( fe(u,v),u
) )
dfev := simplify( (s,t) -> subs( u=s, v=t, diff( fe(u,v),v
) )
ddfeu := simplify( (s,t) -> subs( u=s, v=t, diff( fe(u,v),u,u
) )
ddfev := simplify( (s,t) -> subs( u=s, v=t, diff( fe(u,v),v,v

)

ddfeuv := simplify( (s,t) -> subs( u=s, v=t, diff( fe(u,v),u,v

p
A
-

print( plot3d( [ epsilon * fe ( epsilon * x, epsilon * y )
, x=-2..2, y=-2..2, scaling=constrained ) ) ;

return fe, dfeu, dfev, ddfeu, ddfev, ddfeuv ;
end proc :

vV V Y=V V ~V ~ YV N~V N~V N~V
~
~

B.0.7
Convolutions
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> convole := proc( phi, dphiu, dphiv, ddphiu, ddphiv, ddphiuv,

q4, p)

> global X,Y,Z, trans, xm,xM,ym,yM, epsilon ;

> local x,y,z, dxu,dxv,dyu,dyv,dzu,dzv, ddxu,ddxv,ddxuv,ddyu,ddyv,ddyuv,ddzu,ddzv
x0,y0,z0, dxu0,dxv0,dyu0,dyv0,dzu0,dzv0, ddxu0,ddxv0,ddxuv0,ddyu0,ddyv0,ddyuv0,ddzuC
tg, tm, tM, crv ;

>
> tm := epsilon * (-1.0-tramns) ;

> tM := epsilon * ( 1.0+trans) ;

>

> X := (u,v) -> evalf( int(int( X(u-s,v-t) * phi (s,t),
s=tm..tM), t=tm..tM ) ) ;

> y := (u,v) -> evalf( int(int( Y(u-s,v-t) * phi (s,t),
s=tm..tM), t=tm..tM ) ) ;

> z := (u,v) -> evalf( int(int( Z(u-s,v-t) * phi (s,t),
s=tm..tM), t=tm..tM ) ) ;

>

> dxu := (u,v) -> evalf( int(int( X(u-s,v-t) * dphiu
(s,t), s=tm..tM), t=tm..tM ) ) ;

> dxv := (u,v) -> evalf( int(int( X(u-s,v-t) * dphiv
(s,t), s=tm..tM), t=tm..tM ) ) ;

> dyu := (u,v) -> evalf( int(int( Y(u-s,v-t) * dphiu
(s,t), s=tm..tM), t=tm..tM ) ) ;

> dyv := (u,v) -> evalf( int(int( Y(u-s,v-t) * dphiv
(s,t), s=tm..tM), t=tm..tM ) ) ;

> dzu := (u,v) -> evalf( int(int( Z(u-s,v-t) * dphiu
(s,t), s=tm..tM), t=tm..tM ) ) ;

> dzv := (u,v) -> evalf( int(int( Z(u-s,v-t) * dphiv
(s,t), s=tm..tM), t=tm..tM ) ) ;

>

> ddxu := (u,v) -> evalf( int(int( X(u-s,v-t) * ddphiu
(s,t), s=tm..tM), t=tm..tM ) ) ;

> ddxv := (u,v) -> evalf( int(int( X(u-s,v-t) * ddphiv
(s,t), s=tm..tM), t=tm..tM ) ) ;

> ddxuv := (u,v) -> evalf( int(int( X(u-s,v-t) * ddphiuv
(s,t), s=tm..tM), t=tm..tM ) ) ;

> ddyu := (u,v) -> evalf( int(int( Y(u-s,v-t) * ddphiu
(s,t), s=tm..tM), t=tm..tM ) ) ;

> ddyv := (u,v) -> evalf( int(int( Y(u-s,v-t) * ddphiv
(s,t), s=tm..tM), t=tm..tM ) ) ;

> ddyuv := (u,v) -> evalf( int(int( Y(u-s,v-t) * ddphiuv
(s,t), s=tm..tM), t=tm..tM ) ) ;

> ddzu := (u,v) -> evalf( int(int( Z(u-s,v-t) * ddphiu
(s,t), s=tm..tM), t=tm..tM ) ) ;

> ddzv := (u,v) -> evalf( int(int( Z(u-s,v-t) * ddphiv
(s,t), s=tm..tM), t=tm..tM ) ) ;

> ddzuv := (u,v) -> evalf( int(int( Z(u-s,v-t) * ddphiuv

(s,t), s=tm..tM), t=tm..tM ) ) ;
>
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> %0 =x (q,p) ;

> y0 =y (a,p) ;

> z0 =z (q,p) ;

>

> dxu0 := dxu (q,p) ;

> dxv0  := dxv (q,p) ;

> dyu0  := dyu (q,p) ;

> dyvO0  := dyv (q,p) ;

> dzu0  := dzu (q,p) ;

> dzv0 := dzv (q,p) ;

>

> ddxu0 := ddxu(q,p) ;

> ddxv0 := ddxv(q,p) ;

> ddxuv0 := ddxuv(q,p) ;

> ddyu0 := ddyu(q,p) ;

> ddyv0 := ddyv(q,p) ;

> ddyuv0 := ddyuv(q,p) ;

> ddzu0 := ddzu(q,p) ;

> ddzv0 := ddzv(q,p) ;

> ddzuv0 := ddzuv(q,p) ;

>

> tg := linalg[matrix] (2,2, [evalf (dzuO / dxu0O), evalf(dzvO
/ dxv0), evalf(dzuO / dyu0), evalf(dzvO / dyv0)]);
>

> crv := linalg[matrix] (3,3, [ddxu0, ddxuvO, ddxvO, ddyuO,

ddyuvO, ddyv0,ddzu0, ddzuv0, ddzv0]);

print( "At ", x0,y0,z0, " tg=", tg , "crv=", crv) ;

vV V. V V

end proc :

B.0.8
Results

Basic test function

phie, dphieu, dphiev, ddphieu, ddphiev, ddphieuv := TFonction(
[1],[0],[0] ) ; convole( phie, dphieu, dphiev, ddphieu, ddphiev, dd-
phieuv, 0, 0 ) ;
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ddfev, ddfeuv

dfeu, dfev, ddfeu,

Y

fe

Error, (in evalf/int) unable to convert to pwlist

ddphieuv :

)

phie, dphieu, dphiev, ddphiew, ddphiev

Positive and axis symmetric test function

phie_sym, dphieu_sym, dphiev_sym, ddphieu_sym, ddphiev_sym, dd-

TFonction( [1,1,1,1],[1,0,-1,0],[0,1,0,-1] ) ; convole(

phie 2sym, dphie 2sym, ddphie _2sym,phie 2sym, dphie_2sym, dd-

phieuv_sym :

phie 2sym,0, 0 ) ;

N.&&«w““&“..
AR,
OO,
OO
Wy
S

XX
L
KB
SOBBESEN
KIS
QOB
RS
R

VO/TEL0TI0 oN [enbiq oedesyia)d - o1y-ONd

dfev, ddfeu, ddfev, ddfeuv

)

e_sym, dphieu_sym, dphiev_sym, ddphieu_sym, ddphiev_sym, ddphieuv_sym := fe, dfeu
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Positive and non-symmetric test function

phie_dis, dphieu_dis, dphiev_dis, ddphieu_dis, ddphiev_dis, dd-
phieuv_dis := TFonction( [1,1], [0,41], [0,1] ) : convole( phie_dis,
dphieu_dis, dphiev_dis, ddphieu_dis, ddphiev_dis, ddphieuv_dis, 0, 0
) 3

N

OO0
XX
(X)
o

o
5
%

|

|

|

|

|
Q
X
K
&
%9

5
:0
K
%
5

e
00
S0
S
0

e

:
e
00
0
¢

Q0
@

Error, (in evalf/int) unable to convert to pwlist
Non-positive and axis symmetric test function

phie nsym, dphieu nsym, dphiev.nsym, ddphieu nsym, dd-
phiev_nsym, ddphieuv.nsym :=  TFonction( [2,2,-1,-1],[1,-
1,0,0],[0,0,1,-1] ) ; convole( phie_nsym, dphieu_nsym, dphiev_nsym,

ddphieu_nsym, ddphiev_nsym, ddphieuv_nsym,0, 0 ) ;

PUC-RIo - Certificacao Digital N° 0610731/CA

ym, dphieu_nsym, dphiev_nsym, ddphieu_nsym, ddphiev_nsym, ddphieuv_nsym := fe, dfeu, dfev, ddfeu, ddfev, ddfe
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Error, (in evalf/int) unable to convert to pwlist
Non positive and non-symmetric test function

phie_ndis, dphieu_ndis, dphiev_ndis, ddphieu_ndis, ddphiev_ndis,
ddphieuv ndis := TFonction( [2,-1], [0,+1],[0,1] ) ; convole(
phie_ndis, dphieu_ndis, dphiev_ndis, ddphieu_ndis, ddphiev_ndis,
ddphieuv_ndis,0, 0 ) ;

5
5
5
0
%
"

g
g
00
0

Q

7

’{’:’
o

%

§
’:
::o
%

@

X
0
X
%

hieu_ndis, dphiev_ndis, ddphieu_ndis, ddphiev_ndis, ddphieuv_ndis := fe, dfeu, dfev, ddfeu, ddfev, ddfeuv

Error, (in evalf/int) unable to convert to pwlist

> _ndi:

>
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