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8. Apéndices

8.1. Introducgao

Nos apéndices a seguir encontram-se exemplos dos programas utilizados ao
longo desta Dissertacdo, desenvolvidos com o programa de algebra simbolica
MAPLE.

Os programas apresentados a seguir referem-se a coluna bi-apoiada, com
fundacdo até a metade da sua altura total e coeficiente de rigidez linear K = 100,

conforme representado na Figura 8.1.

(1

-
o0y, | L
D | 2

Figura 8.1: Situacao analisada nos apéndices.

No Apéndice B, ¢ mostrado o programa no qual a fun¢do de aproximagao

utilizada possui 8§ termos.

8.2. Apéndice A
Programa para o Calculo das Cargas Criticas e Modos Criticos

>restart:

>with (DEtools) : with (LinearAlgebra) :

>Digits:=28:

Equacao diferencial do trecho sem fundacao:

>eql:=diff (wl (x),x,x,x%x,X)+ (lambda”2*Pi"2*diff (wl (x),x,x))=0:
>soll:=dsolve (eql) :
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w[l] :=rhs(soll):

wl[l,x]:=diff(w[l],x):

[l xx]:=diff(w[l],x,x):

wl[l,xxx]:=diff(w[l],x,x,Xx):
Equag:éo diferencial do trecho com fundacdo:

106

>eqg2:=diff (w2 (x),x,x,%x,xX)+ (lambda”2*Pi"2*diff (w2 (x),x,x))+(K

*w2 (x))=0:
>sol2[inicial] :=dsolve (eg2) :

>solZa:=subs( Cl= C5, C2= C6, C3= C7, C4= C8,s0l2[inicial]):

>gsol2:=rhs (sol2a):
>w([2] :=s0l2:
w[2,x]:=diff (w[2],x):
w[2,xx]:=diff(w[2],x%,X):
w[2,xxx]:=diff (w[2],x,x,X):
Condigdes de contorno definidas pelos apoios:
>expl:=eval (w[l],x=1/2):
>exp2:=eval (w[l,xx],x=1/2):
>exp3:=eval (w[2],x=0):
>expd:=eval (w[2,xx],x=0):
Condigf)es de continuidade:
[l x=0] :=eval (w[1l
2,x=a]:=eval(w[2
1,x x=0]:=eval (w
w
(
(

I

x=0) :
x=1/2 )
P X1y
2,x _x=a]:=eval ( ]
1,xx x=0]:=eval
2,xxX_x=a]:=eval
1,xxx x=0]:=eval
[2 xxX x=a]:=eval
>exp5:=w[l,x=0]—w[2,x—a]:
>expb:=w[l,x x=0]-w[2,x x=a]:
>expT7:=w[l,xx x=0]-w[2,xx x=a]:
>exp8:=w[l,xxx x=0]-w[2,xxx x=a]:
Solugio trivial:

0):
,x],x= 1/2)
1,xx],x=0):
2,xx],x=1/2):

[ ]1,x%x=0):

[ 1,x=1/2):

— — o/ o/ /o

1
2
[
[
W

1 XXX

]
]
(
(
W
W
(
(w

2, XXX

>solve ({expl, exp2, exp3, exp4, expd, expb,exp’,exp8}, { Cl,

3, C4, C5, C6, C7, C8}):

Calculo dos elementos da matriz dos coeficientes:
>all:=coeff (expl, Cl):
>azl:=coeff (exp2, Cl)
>a3l:=coeff (exp3, Cl)
>a4l:=coeff (exp4, Cl)
>ab5l:=coeff (exp5, CIl)
>a6l:=coeff (expb6, Cl)
>all:=coeff (exp7, CIl)
>a8l:=coeff (exp8, Cl):
>al2:=coeff (expl, C2):
>a22:=coeff (exp2, C2)
>a32:=coeff (exp3, C2)
>a42:=coeff (exp4, C2)
>ab2:=coeff (exp5, C2)
>a62:=coeff (expb, C2)
>a’l2:=coeff (exp7, C2)
>aB82:=coeff (exp8, C2)

c2,

_C
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>al3:=coeff (expl, C3
>az23:=coeff (exp2, C3
>a33:=coeff (exp3, C3
>ad3:=coeff (exp4, C3
>ab53:=coeff (exp5, C3
>a63:=coeff (expb, C3
>a’l3:=coeff (exp7, C3
>aB83:=coeff (exp8, C3
>ald:=coeff (expl, C4
>az4:=coeff (exp2, C4
>a34:=coeff (exp3, C4
>ad4d:=coeff (exp4, C4
>ab54:=coeff (exp5, C4
>a64:=coeff (expb, C4
>al4:=coeff (exp7, C4
>a84:=coeff (exp8, C4
>alb5:=coeff (expl, C5
>a25:=coeff (exp2, C5
>a35:=coeff (exp3, C5
>a45:=coeff (exp4, C5
>ab55:=coeff (exp5, C5
>a65:=coeff (expb, C5
(
>a85:=coeff (exp8, C5
>al6:=coeff (expl, C6
>az6:=coeff (exp2, C6
>a36:=coeff (exp3, C6
>ad6:=coeff (exp4, C6
>ab56:=coeff (exp5, C6
>a66:=coeff (expb, C6
>a’76:=coeff (exp7, C6
>a86:=coeff (exp8, C6
>al7:=coeff (expl, C7
>a2’l:=coeff (exp2, C7
>a37:=coeff (exp3, C7
>ad4’7l:=coeff (exp4, C7
>ab57:=coeff (exp5, C7
>a67:=coeff (expb6, C7
>a'l’l:=coeff (exp7, C7
>a87:=coeff (exp8, C7
>al8:=coeff (expl, C8
>a28:=coeff (exp2, C8
>a38:=coeff (exp3, C8
>ad8:=coeff (exp4, C8

>a58:=coeff (exp5, C8):
>a68:=coeff (exp6, C8):
>a’l8:=coeff (exp7, C8):
>aB88:=coeff (exp8, C8):

)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
) :
>a’l5:=coeff (exp7, C5):
).
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
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Montagem da matriz dos coeficientes:
>A:=Matrix([[all,al2,al3,al4,al5,al6,al7,al8], [a2l,a22,a23,a
24,a25,a26,a27,a28],[a31,a32,a33,a34,a35,a36,a37,a38], [a4l, a
42 ,a43,a44,a45,a46,a47,a48], [abl,a52,a53,a54,a55,a56,a57,ab58
], [a6l,a62,a63,a64,a65,a66,a67,a68], [a7l1l,a72,a73,a74,a’75,a’76
,a77,a78], [a81l,a82,a83,a84,a85,a86,a87,a88]1]):

>det :=Determinant (A) :

>K:=100:

Plotagem do grafico do determinante (determinante x lambda):

>plot (Re(det), lambda=0..5.0,y=-1..1):

Defini¢ao do intervalo de variagao de lambda para observagdo do ponto onde ocorre troca
de sinal (repetir este procedimento até que o determinante atinja a ordem de cinco casas
decimais):

>for lambda from 1.2 by 0.1 to 1.4 do
determ[lambda] :=print (simplify(det)) end do:

Defini¢do do valor obtido para a primeira carga critica:

>lambda:=1.222755491:

Calculo dos novos elementos da matriz dos coeficientes:

>pbll:=simplify(all):

>pl2:=simplify(al2)
>p13:=simplify(al3)
>pl4:=simplify(ald)
>p15:=simplify(alb)
>pbl6:=simplify(alé6)
>pl7:=simplify(al7)
>pl8:=simplify(al8)
>p21l:=simplify(az2l)
>p22:=simplify(a22)
>p23:=simplify(az23)
>pb24:=simplify(a24)
>p25:=simplify (az25)
>pb26:=simplify (a26)
>p27:=simplify(a27)
>p28:=simplify (az28)
>p3l:=simplify(a3l):
>p32:=simplify(a32):
>p33:=simplify(a33):
>p34:=simplify(a34)
>p35:=simplify (a35)
>p36:=simplify (a36)
>p37:=simplify (a37)
>p38:=simplify (a38)
>p41l:=simplify(adl)
>p42:=simplify(ad2)
>p43:=simplify(ad3)
>b44:=simplify (add)
>p45:=simplify (adb)
>b46:=simplify (a46)
>pd7:=simplify(ad’7)
>p48:=simplify (a48)
>p51l:=simplify(ab5l)
>p52:=simplify(ab2)
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>p53:=simplify (ab3)
>p54:=simplify(ab4)
>p55:=simplify (ab5)
>p56:=simplify (ab6)
>p57:=simplify(ab7)
>p58:=simplify (ab8)
>p6l:=simplify(abl)
>b62:=simplify(a62)
>p63:=simplify (a63)
>b64:=simplify (a64)
>p65:=simplify (a6h)
>pb66:=simplify (ab66)
>b67:=simplify (a67)
>p68:=simplify (a68) :
>pb71l:=simplify(a7l):
>p72:=simplify(a72):
>p73:=simplify(a73)
>p74:=simplify(a74)
>p75:=simplify(a75)
>p76:=simplify(a76)
>p77:=simplify(a77)
>p78:=simplify (a78)
>p8l:=simplify(a8l)
>p82:=simplify (a82)
>p83:=simplify (a83)
>p84:=simplify (a84)
>p85:=simplify (a85)
>p86:=simplify (a86)
>p87:=simplify (a87) :
>p88:=simplify (a88) :
Montagem da nova matriz dos coeficientes:
>B:=Matrix ([ [bll,bl2,bl13,bl4,b15,b16,b17,b18], [b21,b22,b23,b
24,025,026,b27,028], [b31,b32,b33,b34,b35,b36,b37,0b38], [b4l,Db
42,043,0b44,045,0b46,0b47,0b48], [b51,b52,b53,b54,b55,b56,b57,b58
1, [b61,b62,063,b64,b65,b66,b67,b68], [b71,b72,073,b74,b75,b76
, 77,0781, [b81,b82,b83,b84,b85,b86,0b87,0b88]]) :
Reducdo de ordem da matriz B através da eliminagdo da sua terceira coluna e ultima
linha:
>W:=Matrix ([[bll,bl12,bl4,bl5,bl6,b17,bl8
26,b27,b28], [b31,b32,b34,b35,b36,b37,b38

]

]

[ 1,[b21,b22,b24,b25,b
( ]
46,b47,b48], [b51,b52,b54,b55,b56,b57,b58]
( ]
) :

[

[b41,b42,b44,b45,b
[b6l,b62,b64,b65,b
) :

66,b67,068 b71,b72,b74,b75,b76,b77,b78]1]
>V:=Vector ([ _C1, C2, C4, C5, C6, C7, C8]
Montagem do sistema matricial:

>Q:=W.V:

Vetor correspondente a coluna eliminada da matriz B sem o elemento da sua tltima linha:
>R:=Vector ([-bl3,-b23,-b33,-b43,-b53,-b63,-b73]) :

Resolucdo do sistema matricial:

>sols:=solve ({Q[1]=R[1], Q[2]=R[2], QI[3]1=R[3], Q[4]=R[4],
Q[5]=R[5], Qle]=R[6], Q[7]=RI[7]},

{ ci, c2, c4, C5, C6, C7, C8}):

>sols[1]:

14
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(sols[l],s0ls[2],s0ls[3],s0ls[4],s0ls[5],s0ls[6],s01l

s[7],V):

Calculo da amplitude normalizada dos elementos do vetor das constantes:

>ampnorm:=sqrt (((V[1])"2)+ ((V[2])"2)+ ((V[3])"2)+((V[4])"2) +(

(VI51)72)+((VI6])"2)+((V[7])"2)+1):

>Vnorm:=V/ampnorm:

>C3:=1/ampnorm:

Montagem do vetor normalizado das constantes:

>C:=Vector ([Re (Vnorm[1l]),Re (Vnorm[2]),Re(C3),Re (Vnorm[3]),Vn
)

orm[4],Vnorm[5],Vnorm[6],Vnorm[7]]

>eel:= C1=C[1]:

>ee2:= C2=C[2]

>ee3:= C3=C[3]

>eed:= C4=C[4]:

>eeb:= C5=C[5]:

>eeb:=_C6=C[06]

>eel:= CT7=C[7]

>ee8:= C8=C[8]

>wll]:

>w([2]:

Autofuncdo wl(x) apds a substituicdo das constantes:

>w[l] :=subs (eel,ee2,ece3,ececd,ece5,ece6,ee7,ece8,w[l]):
Autofungdo w2(x) apés a substituicdo das constantes:

>w[2] :=subs (eel,ece2,ece3,ced,ece5,ece6,ece7,ee8,w[2]):

Plotagem dos graficos das fungdes wl(x) e w2(x):
>with (plottools) :plot([w[l],x,x=0..0.5]):plot([w[2],%x,x=0..0

.51):

Comandos para exportacdo dos dados dos graficos das fungdes wl(x) e w2(x):
Para o grafico de wl(x):
>inf:=0:
>inter:=0.01:
>sup:=0.5:
>cont:=0:
for x from inf by inter to sup do

cont:=cont+l
end do: cont:
>Wl:=array(l..cont):
>X:=array(l..cont):
>cont:=0:
>fd:=fopen ("u:\\saidawl.dat",WRITE, BINARY) :
>for x from inf by inter to sup do

cont:=cont+1l:

X[cont] :=x;

Wl[cont]:=simplify(w[1l]):

fprintf (£fd,"%$f , %f \n",X[cont],Wl[cont]):

end do:
> fclose (fd) :
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Para o grafico de w2(x):
>inf:=0:
>inter:=0.01:
>sup:=0.5:
>cont:=0:
for x from inf by inter to sup do
cont:=cont+1
end do: cont:
>W2:=array(l..cont):
>X:=array(l..cont):
>cont:=0:
>fd := fopen("u:\\saidaw2.dat",WRITE, BINARY) :
>for x from inf by inter to sup do
cont:=cont+1:
X[cont] :=x;
W2 [cont] :=simplify(w[2]) :
fprintf (£d, "% , $f \n",X[cont],Re (W2 [cont])):
end do:
>fclose (fd) :

8.3. Apéndice B

Programa para o Calculo das Cargas Criticas através do Método
Aproximado de Ritz

>restart;

>with (DEtools) :with(LinearAlgebra) :

>Digits:=16:

Fungdo aproximada para os deslocamentos transversais:

>W(x) :=Al*sin (Pi*x)+A2*sin (2*Pi*x)+A3*sin(3*Pi*x)+A4d*sin (4*P
1i*x)+A5*%sin (5*Pi*x) +A6*sin (6*Pi*x)+A7*sin (7*Pi*x) +A8*sin (8*P
1*x) :

Equagdo parametrizada de energia:

>eq:=int ((diff (w(x),x,x)"2)-

(lambda”2*Pi*2) * (diff (w(x),x)"2),x=0..1)+int (K*w(x)"2,x=0..1
/2) :

Equagdes de equilibrio:
>deqgl:=diff (eq, Al
>deqg2:=diff (eq, A2
>deq3:=diff (eq, A3
>deg4d:=diff (eq,Ad
>deqgb:=diff (eq, AS
>deqg6:=diff (eq, A6
>deqg7:=diff (eq,A’7
>deqg8:=diff (eq, A8):
Solucdo trivial do sistema:

>solve ({deqgl,deg?2,deqg3,deg4,degb,deqgb,deq’,deqg8}, {A1l,A2,A3,A
4,A5,A6,A7,A8}) :

Calculo dos elementos da matriz dos coeficientes:

>all:=coeff (deqgl,Al):

>al2:=coeff (deqgl,A2):

>al3:=coeff (deqgl,A3):

>ald:=coeff (deqgl,Ad):

)
)
)
) :
)2
)
)
)
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>alb:=coeff (deqgl, A5
>al6:=coeff (deql, A6
>al7:=coeff (deqgl, A7
>al8:=coeff (deqgl, A8
>a2l:=coeff (deg2,Al
>a22:=coeff (deg2,A2
>a23:=coeff (deg2, A3
>a24:=coeff (deg2, A4
>a25:=coeff (deg2,Ab
>a26:=coeff (deg2, A6
>a27:=coeff (deg2, A7
>a28:=coeff (deg2, A8
>a3l:=coeff (deg3,Al
>a32:=coeff (deg3,A2
>a33:=coeff (deg3, A3
>a34:=coeff (deg3,Ad
>a35:=coeff (deqg3, A5
>a36:=coeff (deqg3, A6
>a37:=coeff (deg3,A7
>a38:=coeff (deg3, A8
>adl:=coeff (deg4d4, Al
>ad2:=coeff (deg4d, A2
>a4d43:=coeff (deg4d, A3
>ad4:=coeff (deg4d,rd
>a4d5:=coeff (deg4d4, AS
>ad6:=coeff (deg4, A6
>ad’l:=coeff (deqg4, A’
>a48:=coeff (deg4, A8
>abl:=coeff (degb, Al
>ab2:=coeff (degb,A2
>ab53:=coeff (deg5, A3
>ab4:=coeff (degb, A4
>abb:=coeff (degb,Ab
>ab6:=coeff (degb, A6
>ab7:=coeff (degb, A7
>ab8:=coeff (degb, A8
>a6l:=coeff (degb, Al
>a62:=coeff (degb, A2
>a63:=coeff (deg6, A3
>a64:=coeff (degb,Ad
>a65:=coeff (deqg6, A5
>a66:=coeff (degb, Ab
>a67:=coeff (deqg6,A”7
>a68:=coeff (deg6, A8
>a7l:=coeff (deq7,Al
>a72:=coeff (deq7,A2
>a73:=coeff (deq7,A3
>a74:=coeff (deq7,A4d
>a75:=coeff (deq7,Ab
>a76:=coeff (deq7,Ab
>a’ll:=coeff (deq’, A7
>a78:=coeff (deqg7, A8
>a8l:=coeff (deg8,Al
>a82:=coeff (deg8,A2
>a83:=coeff (deg8, A3
(

>a84:=coeff (deqg8,Ad

)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)t
) :
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
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>a85:=coeff (deg8, A5
>a86:=coeff (deg8, Ab
>a87:=coeff (deg8,A7
>a88:=coeff (deg8, A8
Montagem da matriz dos coeﬁc1entes
>A:=Matrix([[all,al2,al3,ald,al5,ale,al7,al8], [a2l,a22,a23,a
24,a25,a26,a27,a28],[a31,a32,a33,a34,a35,a36,a37,a38], [a4l,a
42 ,a43,a44,a45,a46,a47,a48], [abl,a52,a53,a54,a55,a56,a57,ab58
], [a6l,a62,a63,a64,a65,a66,a67,a68], [a7l,a72,a73,a74,a’75,a’76
,al7,a78],[a81l,a82,a83,a84,a85,a86,a87,a88]1]) :
Calculo do determinante da matriz dos coeficientes:

>det:=Determinant (A) :
Defini¢do do valor de K:

K:=100:
Plotagem do gréfico do determinante em func¢do de lambda:

>plot (det, lambda=0..3) :
Calculo dos "zeros" da equacdo do determinante, ou seja, os valores de lambda critico:
>sols:=fsolve (det, lambda=0..3) :

—_ — — ~—
¢ e ee e

8.4. Apéndice C

Programa para a Determinagao do Caminho Pés-Critico pelo Método
de Ritz

>restart:

>with (DEtools) :with (LinearAlgebra) :
>Digits:=28:

Equagdo ndo-linear de energia:

>eq:=(1/2)* (int ((diff (wl(x), "$ (x,2))" 2+dlff(w1(x),\$\(x,2))
A2*diff (wl (x),x)"24+1/4*diff(wl(x), S (x,2))"2*diff (wl (x),x)"
4) -

(lambda”2*Pi~2) * (diff (wl (x),x)"24+41/4*diff (wl(x),x)"4),x=0..1
/2)+ (int ((diff (w2 (x), "$ (x,2))"2+diff (w2 (x), "$ (x,2))"2*d 1ff
(w2 (x),x)" 2+l/4*dlff(w2(x), ST (x,2))7"2*d1iff (w2 (x ) X)) -
(lambda”2*Pi*2) * (diff (w2 (x),x)" 2+1/4*d1ff(w2( ), X)) ,x=0..1
/2)+int (K*w2 (x) *2,x=0..1/2))):

K:=100:

Solugdes analiticas do primeiro modo para os dois trechos da coluna, multiplicadas pela
deformac¢do maxima, eta:
>wl (x) :=eta* (.3477919632084519324259548976-
.6955839264169038648519097952*x+.255251715894369874669082825
2*%sin(1.222755491*Pi*x)+.6994747110113814273054096696*cos (1.
222755491*Pi*x)) :
>w2ssimp (x) :=eta* ((-.9372549613267057111867346126e-1-
.2204271039792308380897392562*1) *exp (-1/2* (-
2.990261981541302162*Pi"2~-
2*%(2.235416679562828727954103469*Pi 4~

400) "M (1/2)) " (1/2)*x)+(.9372549613267057111867346126e-
1+.2204271039792308380897392562*I) *exp (1/2* (-
2.990261981541302162*Pi"2~-
2*%(2.235416679562828727954103469*Pi 4~

400)M(1/2)) " (1/2)*x)+(-.9372549613267057111867346126e-
1+.2204271039792308380897392562*I) *exp (-1/2* (-
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2.990261981541302162*P1"2+2*(2.235416679562828727954103469*P
iM4-400)"~(1/2)) " (1/2)*x)+(.9372549613267057111867346126e-1-
.2204271039792308380897392562*T) *exp (1/2* (-
2.990261981541302162*P1"2+2*(2.235416679562828727954103469*P
iM4-400) "~ (1/2)) "~ (1/2)*x)) :
>W2 (x) :=simplify (w2ssimp (x)) :
Parte da equacdo da energia correspondente ao trecho sem fundagdo, sem as integrais
(apenas o integrando):
>eql:=(1/2)* ((diff (wl(x), $ (x,2))"2+diff(wl(x), $ (x,2))"2*
diff (wl(x),x)"2+1/4*diff (wl(x), $ (x,2))"2*diff (wl (x ) x)"~4) -
(lambda”2*Pi”2) * (diff (wl (x),x)"2+1/4*diff (wl(x),x)"4)):
Parte da equagdo da energia correspondente ao trecho com fundagdo, sem as integrais
(apenas o integrando):
>eq2:=(1/2)* ((diff (w2 (x), "$  (x,2))"2+diff (w2 (x), $ (x,2 )) 2*
diff (w2 (x),x)"2+1/4*diff (w2 (x), "$ (x,2))"2*diff (w2 (x),x
(lambda”2*Pi”2) * (diff (w2 (x),x) "2+1/4*diff (w2 (x),x)"4)) :
>eq3:=(1/2)* (K*w2 (x) *2) :
Integracdo das equacgdes nos limites correspondentes:
>resultl:=evalf (int (eql,x=0..1/2)):
>result2:=evalf (int (eg2,x=0..1/2)):
>result3:=evalf (int (eg3,x=0..1/2)):
Soma das expressoes resultantes das integragdes parciais da equagao de energia:
>result:=resultl+result2+result3:
Diferenciac¢do da equacdo de energia com relagdo a constante eta:
>deq:=diff (result,eta)=0:
Obtengao das solucdes da equagdo:
>sols:=solve (deq) :
Equacdo do caminho poés-critico obtida no passo anterior, com a exclusdo dos eventuais
termos imaginarios:
>lambda:=10./(.7493603222425851246429222776e61+.310399519184
6389273196978993e62*eta”2) * (-
1.*(.7493603222425851246429222776e59+.3103995191846389273196
978993e60*eta™2) * (-.4292742585478404914157583436e62*eta"2-
.9307860685020762120352519378e62*eta™4-
.1120391842219411467898222441e62) )" (1/2) :
Carga critica ja obtida anteriormente:
>1lcr:=1.222755491:
Plotagem do grafico do caminho pos-critico:
>plot ([lambda/lcr],eta=-0..0.5):
Exportacao dos dados do grafico do caminho pos-critico:
>inf:=0:
>inter:=0.0002:
>sup:=0.2:
>cont:=0:
for eta from inf by inter to sup do

cont:=cont+l
end do: cont:
>L:=array(l..cont):
>ETA:=array(l..cont):
>cont:=0:

>fd := fopen ("u:\\camposcr.dat",WRITE, BINARY) :
>for eta from inf by inter to sup do
cont:=cont+1:
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ETA[cont] :=eta;

Llcont] :=simplify(lambda) :

fprintf (fd,"$f , %$.7f \n",ETA[cont],L[cont]):
end do:
>fclose (f£d) ;
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