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6
A dichotomy about (s, 1, u)-partially hyperbolic attractors

In this section we present an important class of dynamics where u or s-

minimality holds. The proof of next theorem is the main goal of this section.

Theorem 6.1 There is a residual subset R C Diff' (M) with the following
property. Let f € R and Ay(U) be a transitive proper attractor of f that is
(s,1,u)-partially hyperbolic, and U be a compatible neighborhood of f. Let G
(resp. G,) be the subset of Diff'(M) of diffeomorphisms g such that Ay (U) is

s-minimal (resp. u-minimal). Then Gs U G, is a residual subset of U.

Corollary 6.2 Let R, f € R, and Ay(U) be as in Theorem 6.1. If Ap(U) is
robustly transitive, then int(G,) Uint(G,) is an open and dense subset of U.

Proof: This corollary is an immediate consequence of Corollary 5.17 together

with Theorem 6.1 when A¢(U) is a robustly transitive set. [

Corollary 6.3 Let f € R and Af(U) be a transitive attractor of f that is
(s,1,u)-partially hyperbolic. Then for every periodic point p € Ap(U) there is
an open set W, C Diff'(M), with f € V,, such that if g € V and A, (U) is
transitive then A,(U) = H(py, ).

Proof: By Remark 3.7, any attractor contains its unstable manifolds. In
particular, the attractors contain its homoclinic classes, since they are subsets
of the unstable manifolds. Then, H(p,,g) C Ay(U). The inverse inclusion is
just Theorem 5.9, giving the equality A,(U) = H(py, g) in the open set W,. B

Corollary 6.4 C'-generically, a robustly transitive attractor Ay(U) of a dif-

feomorphism f varies continuously in a small neighborhood of f.

Proof: This is an immediate consequence of Remark 2.2 and 4.2. Since the
attractor is also robustly a homoclinic class, it must vary both lower and upper
semicontinously in a open neighborhood of f. [ ]

To prove Theorem 6.1 we need to classify the behaviour of the dynamics
on certain central invariant curves. According to this classification, the proof

of Theorem 6.1 is divided case by case.
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6.1
Central Curves: Classification of Periodic Points

Unlike the strong stable and unstable bundles, we can not guarantee
the existence of invariant central foliations tangent to the central bundle
of a partially hyperbolic splitting. Nevertheless, if A is a (s, 1, u)-partially
hyperbolic attractors, we can guarantee the existence of invariant central
curves for the hyperbolic periodic points of A (Proposition 6.5). A central
curve is a curve v C M that is tangent to the (extended) central bundle E° at

every point of U (see subsection 4.3).

Next result is an adaptation of Theorem 2 in (22) for the context of
partially hyperbolic attractors. In the original statement in (22), the partial
hyperbolicity is defined in the whole manifold.

Proposition 6.5 Let f € R and Ap(U) be an (s,1,u)-partially hyperbolic
attractor of f. Then there exists K > 0 such that, for every hyperbolic periodic
point with period N > K, there exists an f~ invariant central curve L(p) (i.e.,

IN(L(p)) = L(p)) containing p in its interior.

ProofSketch of the proof:  The proof of this version is exactly the same as
the one in Theorem 2 of (22). We only observe that it involves only local
arguments, which are still valid inside the isolating block U of the attractor
Af(U). Then for each periodic point p € A¢(U) we obtain a local central curve
~(p) inside U. In the process we may assume that either v(p) is a complete
curve inside U or its boundary lies in the boundary of U. In the later case, we
can still extend y(p) to a complete curve by taking the backward and forward
iterations of it. So we define L(p) = ,,cz /™™ (7(p)), where N is the period of
p. In this way we obtain the invariance by the period f¥(L(p)) = L(p). |

Let f be a diffeomorphism in the residual subset R and Af(U) be a
transitive attractor of f. For each periodic point p € Af(U) of sufficiently
large period we consider an invariant central curve L(p) passing through p
given by Proposition 6.5. Given ¢ > 0, we denote by L.y (p) the connected
component of Ly (p) N B:(p) that contains p.

The rest of this section is a translation, to the case of attractors, of the
results in Section 5.2 of (12).

Remark 6.6 Recall that R consists of Kupka-Smale diffeomorphisms, so the
set of periodic points with period less than a given constant K is a finite set.
Note that if the period of p is d, then the period of any periodic point in

the curve L(p) is a divisor of 2d (the factor 2 appears because f may reverse
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the orientation in the central direction). Hence, there are only finitely many

periodic points in L(p).

We choose these central curves L(p) in a coherent way, that is, satisfying
f(L(p)) = L(f(p))-

Denote by Ly (p) the connected component of L(p) NU containing p and
let Iy C Ly(p) be the smallest compact and connected subset of Ly (p) that
contains all periodic points and all periodic closed curves of Ly (p) (it may
happens that I', = {p}). There are three possibilities for the boundary oI, of
', relative to the set Ly(p): either it is an empty set, a unitary set, or a two
points set. If 9T, = 0 then T, is a closed curve. When 9T', # () we say that
Or', are the extremal points of I',,. A periodic point ¢ is called extremal if there
is some p € Af(U) such that ¢ € 0T,

Remark 6.7 Since U is a neighborhood of the compact set Af(U), the length
of Ly(p) is uniformly bounded from below, and the point p is uniformly far
from the edges of Ly(p), if any. Hence, there is 6 > 0 such that, for every
periodic point p € A, the central curve Ly (p) contains a disk centered at p of
length bigger that 4.

As in (12), we classify the periodic points of f in U as follows:
PLUP,UP;UP,={pePer(f)ynU, periodofp>K}

where

— p € P if the extremal points of I, are attracting in the central direction,
— p € P, if the extremal points of I', are repelling in the central direction,

— p € Pj if there are one attracting and one repelling extremal points of
I, and

- p€ Py if T’y is a closed curve.

Remark 6.8 Given a periodic point p in A, from the Morse-Smale dynamics
induced on the one dimensional curve L(p), there are finitely many periodic
points aj, ..., a,, of index s and finitely many periodic points by, ..., by, of
index s + 1 such that

Ty C{ar,. . am, } U W (b, f) and T, C{by,... by} U JW"(a, ).

=1 =1
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Remark 6.9 If p € P, U P, then 0T, is either the empty set or consists of (at

most two) points of index s + 1. Hence
Ly(p) C Ty UW?#(OT,).

Similarly, if p € P, U Py, then 0T, is either the empty set or consists of

(at most two) points of index s. Hence
Ly(p) C T, UWH(OT,).

In this case, as A is an attractor, both I, and W*(0T',) are subsets of A,
and thus Ly (p) C A.

Lemma 6.10 For every p € Per(f) N U with period bigger than K, the
following properties hold:

1. Fp C Af(U),

2. f(Fp) = 1—‘f(10)7

5. f(B) = B

Proof: By definition, the periodic points of I'), belong to U. Also note that

I, C U W*(q)

qel’p

and that, as A;(U) is an attractor, W*(q) C A;(U), proving item (1).
Item (2) and (3) follow directly from item (1) and the coherent choice of

the central curves. Observe that the diffeomorphism f send closed curves to

closed curves and the extremal points of I', to the extremal points of I'y,). B
Lemma 6.11 P, = A;(U) for somei € {1,...,4}.

Proof: By item (2) of Theorem 4.3 the periodic points of f are dense in
Af(U). By Remark 6.6, the periodic points of Af(U) of period less then K
(given by Theorem 6.5) is a finite set. Since A;(U) is infinite and transitive,
it has no isolated periodic orbits, and then Af(U) = P, U P, U P; U P,. Let
z € Af(U) be a point with dense orbit. Then z € P; for some i € {1, ...,4}.
From item (3) in Lemma 6.10, the whole orbit of z lies in P;. Consequently
P, = Ay (U). |
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6.2
Proof of Theorem 6.1

Before proving Theorem 6.1, we state some auxiliary lemmas. In what
follows we always assume (without mentioning) that Ap(U) is a (s,1,u)-

partially hyperbolic attractor.

Given n € N, let Per(n, f|,;) be the set of periodic points in A¢(U) whose
period is less than or equal to n. By Remark 6.6, for every f € R and n € N,
the set Per(n, f|,) is a finite (hyperbolic) set. This immediately implies the

following remark.

Remark 6.12 Given f € R and n € N, there is a neighborhood U,, of f such
that, for every g € U,, the set Per(n, g, ) consists exactly of the continuations

of the points in Per(n, f|,).
The next lemma follows using a standard Kupka-Smale-like argument.

Lemma 6.13 Fixn € N. Let U be a compatible neighborhood of f € R such
that, for g € U, the set Per(n,g,) is the continuation of the hyperbolic set
Per(n, f,). Fized ¢ > 0, there is an open and dense subset V of U such that,
for every g € V and every pair of distinct points py,q, € Per(n, g, ) it holds
that

f:(pgag)mfsu(%ag) = 0.

Proof: Fix p,q € Per(n, fi,) with p # ¢. Observe that by the continuous
dependence of the leafs on g, if F2(py, g) N F(qy,9) = 0, than it holds in an
open neighborhood of g.

On the other hand, since u + s is less than the ambient dimension, if
Fi(pg, 9) N Fiqq, g) # 0, this intersection is not transverse. Hence, after an
arbitrarily small perturbation, we can assume that the disks F?(p,, g) and
F(qq,g) are disjoint. As a conclusion, there is an open and dense subset V,,
of U such that, for every g € V,, it holds that

Fi(pg, 9) N F (g, 9) = 0. (6.2.1)

By Remark 6.12, the set

V= () Vug. where B={(p,q) € {Per(n, fi,)}* | p # q},
(p.9)eB
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is a finite intersection of open and dense subsets of U, so V is an open and
dense subset of U. By construction, every g € U satisfies Equation (6.2.1). W
Next result follows from Lemma 6.13 using a standard genericity argu-

ment.

Lemma 6.14 Let U be a compatible neighborhood of f € R with respect to
the attractor Ay(U). Fized € > 0, there is a residual subset G of U such that
for every g € G and every pair of periodic points a,b of A,(U) it holds that

Fi(a,g) N FL(b,g) = 0.

Proof: Let {f;}ien be a dense subset of U. Fixed n € N, we apply Lemma 6.13
to each f; with respect to n, obtaining an open and dense subset V' of
a neighborhood of f; satisfying the conclusion of Lemma 6.13. Note that
g, = UieN V; is an open and dense subset of U. Finally, setting G = ﬂneN G,
we obtain the residual subset of U satisfying the conclusion in the lemma. B

Note that, since A is an attractor, for any z € A and ¢ > 0 the disk
Fi(x) is a subset of A. Then, F?(z) is well defined for every z € F¥(z). Given

x € A, consider the topological disk of codimension one

Aze)= ] F(2). (6.2.2)
2€Fu(x)

Recall that, for every periodic point p, the central curve Ly (p) is tangent
to the bundle E°¢, and consequently transverse to £° @& E". By Remark 6.7,
Ly(p) contains a disk centered at p of length 0. Recall that § does not depend
on p. Then, if p is sufficiently close to z, the central curve Ly(p) meets
topologically transversely the disk A(x,¢), say at the point z, (see Figure
6.1).

Lemma 6.15 If z, lies in the stable manifold of some periodic point p # z,

in Ty, then p € Op(Fu(x)).

Proof -
By the definition of A(z, ) and z,, there is a point w, € F*(z) such that
zp € F2(wp). Then

T d(7"(z). " () = 0. (6:23)
Since, by hypothesis, z, € W?(q, f), we get that
Tim d(f"(z). £"(5) = 0. (6.2.4)

From Equations (6.2.3) and (6.2.4) we obtain that

lim d(f"(p), f"(wp)) = 0.

n—oo
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Since w, € F*(x), this implies that the orbit of the leaf 7*(z) accumulates at
. [ |

For notational simplicity let us replace f by f, in the statement of
Theorem 6.1 and reserve the symbol f to be a perturbation of f,. In this
way, we adopt the notations of Sections 1, 2, and 8, where f is omitted (if no
misunderstanding occurs).

Given f. € R, let A, (U) be a (s,1,u)-partially hyperbolic proper
attractor and U, be a compatible neighborhood of f,. Let G, be the residual
subset of U, given by Lemma 6.14 for f,.

To prove Theorem 6.1, it suffices to see that for every f € G, N'R either

Af(U) is s-minimal or it is u-minimal.

End of the proof of Theorem 6.1.
Fix f € G.NR and A = A;(U). We split the proof of the theorem into
several cases, according to which set P; (see Section 6.1) is dense in A. Theorem

6.1 is an immediate consequence of the following proposition.

Proposition 6.16
1. If the set Py is dense in A then A is u-minimal.
2. If the set Py is dense in A then A is s-minimal.
3. If the set Ps is dense in A then A is u-minimal.

4. If the set Py is dense in A then A is simultaneously s and u-minimal.

Proof: We consider three cases that imply the proposition.

Case (a): If the set Py U Py is dense in A, then A is u-minimal.
As f € R, A is a homoclinic class (see Remark 5.8). By Theorem 5.12; to

prove the u-minimality of A it is enough to see that, for every = € A, it holds

that _
O(Fu(z)) NPerg1(fi,) # 0. (6.2.5)

Since, by hypotheses, the set P, U P, is dense in A, if p € P, U Py is
sufficiently close to x, then as in Lemma 6.15 there is a transverse intersection
point z, between Ly (p) and A(z,¢) (see Figure 6.1).

By Remarks 6.8 and 6.9, the point z, is either in a stable manifold of
some periodic point p € I', of index s + 1, or z, is a hyperbolic periodic point
of index s.

Suppose that the first possibility holds. Then Lemma 6.15 implies Equa-
tion (6.2.5) to this situation.
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F(x)

Figure 6.1: Case (a)

Now suppose that z, is a hyperbolic periodic point of index s. From
Equation (6.2.3) it follows that the orbit of F*(z) accumulates on the orbit of
F*(2p). Thus to get Equation (6.2.5) it is enough to show that

O(F(5)) N Per,in(fy,) # 0. (6.2.6)

Consider the topological manifold A(z,, €). For any ¢ € PUP,; sufficiently
close to z,, the curve Ly (g) meets topologically transversely A(z,,¢) at some
point z,. By Lemma 6.14, z, is the only periodic point in A(z,,¢), and by
Remark 6.8, z, belongs to the stable manifold of some periodic point in L (q)
with index s 4+ 1. Now we apply Lemma 6.15 to obtain Equation (6.2.6) and,
consequently, Equation (6.2.5).

As this holds for every = € A, we end the proof of Case (a).

Case (b): If the set Py U Py is dense in A, then A is s-minimal.
Note that, since the points in the strong stable disk may not belong to A,

we cannot argue as in Case (a) by saturating a strong stable disk with strong
unstable leaves. To bypass this difficulty, for each point in p € P, U P, we
introduce the following topological disk (see Figure 6.2).

Vo= |J W (6.2.7)
yeLa,U(p)
Note that, by Remark 6.9, the curve L.y(p) is contained in A. Thus
F(y) is well defined for every small e > 0, p € P, U Py, and y € L. y(p).

€
By Theorem 5.12, to prove the s-minimality of A it is enough to prove
that, for every = € A, it holds that
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O(Fs(z)) N Per,(f,) # 0. (6.2.8)

Recall that, by Remark 6.7, the curve Ly (p) contains a disk centered at

p with length ¢ inside U. Hence, given any = € A, if p € P, N Py is sufficiently

close to x then F?(x) intersects (topologically transversely) V(p,e) at some

point w, (see Figure 6.2). By the definition of V(p,¢), there is 2z, € L. y(p)
such that w, € F*(z,), and thus

lim d(f"(z), " (1)) = 0. (6.2.9)

n—o0

By Remarks 6.8 and 6.9, either z, € W*"(p) for some periodic point p €
I'pNPer(f|,), or 2z, € Perg1(f],). Similarly to Case (a), in the former situation

we get that
Tim d(f~"(z,), f7"(p)) = 0. (6.2.10)
Combining Equations (6.2.3) and (6.2.4), it follows that

lim d(f™"(p), " (wp)) = 0,

n—oo

which implies Equation (6.2.8), since w, € F*(x).
V(pe)

Ly (p)

Figure 6.2: Case (b)

In the latter situation, where z, € Peryyi(f),), the orbit of F*(z)
accumulates on the orbit of F*(z,). Then, to conclude Equation (6.2.8), it

is enough to prove that
O(F*(z,)) NPery(fi,) # 0. (6.2.11)

Consider a periodic point ¢ € P, U Py close to z, and the topological
manifold V(q, ¢) such that F?(z,) intersects topologically transversely V(q, ¢)
at a point w,. Then, there exist a point z, € Ly(¢) such that w, € F¥(z,). By
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Lemma 6.14, z, cannot be a periodic point, so the only possibility is that z, is
in the unstable manifold of some periodic point of I'; of index s. Hence we fall
in the same situation we have treated in the first part of the proof, obtaining

Equation (6.2.11) and, consequently, Equation (6.2.8).
As this holds for every z € A, we end the proof of Case (b).

Case (c): If the set P is dense in A, then A is u-minimal.

By Theorem 5.12, to prove the u-minimality of A it is enough to prove
that, for every z € A, Equation (6.2.5) holds.

Consider the codimension one topological disk A(z,¢), see Equation
(6.2.2). Fix € and p € Py sufficiently close to x so that L:y(p) intersects
topologically transversely A(z,¢), say at the point z,. Let [ be the curve
interval joining z, and p inside Ly(p). We assume that € is sufficiently small
so that every periodic point ¢ close to [ has its central curve Ly (g) meeting
topologically transversely A(z,e). We also assume that there is no periodic
point in the interior of the curve [. Otherwise, we replace p by a periodic point
in Ly (p) with this property. If z, = p then [ is trivial and we fall in a particular
case of item (i) in the following list of possibilities.

By Remarks 6.8 and 6.9, there are three possible configurations:

(i) either z, is a periodic point or

(ii) z, € W*(p) (if p has index s + 1) or

(iii) 2, € W*(p) (if p has index s).

If z, € W*(p), then Equation (6.2.5) follows from Lemma 6.15. If
Pergy(f},) then, as in case (a), Lemma 6.15 gives quation (6.2.6) and, con-
sequently, Equation (6.2.5). This ends item (ii) and half of item (i). The other
half of item (1) is when z, € Per(f|,) that will be treat later.

Let us consider item (iii) where z, € W*(p). Note that in this case the
segment | C Ly (p) joining p and z, is a subset of the unstable manifold of p,
so it is contained in the attractor A.

Let 2, = f~2U(z,) € l and A(z,¢) = f~2(A(x,¢)), where d is the period
of p (see Figure 6.3). Denote by [ the curve joining z, and Z, inside /. Since
the curve [ is a subset of A, it is accumulated by periodic points of A.

If ¢ is close to Z, then Ly(q) meets A(z,¢) transversely. So we take a

point ¢ € P3 such that there are points z,, Z, given by

2o = Lu(q) M A(z,e) and 2, = Ly(q) h A(z,e), (6.2.12)

such that ¢ lies in the curve bounded by z, and Z, inside Ly (q) (see
Figure 6.3).
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If the point 2z, belongs to the stable manifold of some periodic point of
index s+1 or z, is a periodic point of index s then, as in Case (a), Lemma 6.15
implies Equation (6.2.5). Thus we can assume that z, does not belong to the
stable manifold of any point of Ly (g) and is not a periodic point of index s.
Hence the only possibility, as ¢ € P, is that z, lies in the unstable manifold of
the extremal point of I'; of index s.

On the other hand, as ¢ € P; we have that either Z, € I'; or Z, is in the

stable manifold of the extremal point of I'; of index s + 1.

By the coherent choice of the central curves and Equation 6.2.12; the
curve Ly (f*(q)) = f?¥(Ly(q)) meets transversely A(x, €) at the point f2%(Z,).
By item (2) of Lemma 6.10, this intersection is either in I f24(,) or lies in the
stable manifold of the extremal point of T'j2a(,. In any case, we are again in
one of the situations treated in Case (a), where we apply Lemma 6.15 to obtain
Equation (6.2.5). This ends item (iii).

Afz,e)

Lu(q)
/
/
Ly (p)
v I'= [z, %)
- 1= [z.1)

Figure 6.3: Case (c)

We are left with the last possibility in item (i), that is: 2, € Per(f},).
Observe that there exist w, € F¥(x) such that z, € F?(w,). This implies
that the orbit of F*(x) accumulates on the orbit of F*(z,). So to conclude
Equation (6.2.8) it is enough to prove that

O(Fu(zp)) NPery(f,) # 0. (6.2.13)
To obtain this equation, we follow all the initial arguments in this proof
replacing the point x with z,.

Consider a point ¢ € P sufficiently close to z, so that Lz (q) intersects

topologically transversely A(z,,¢) in a point z,. In principle, we should verify


DBD
PUC-Rio - Certificação Digital Nº 0812262/CC


PUC-RIo - Certificacdo Digital N° 0812262/CC

Chapter 6. A dichotomy about (s, 1,u)-partially hyperbolic attractors 56

all the three items (i), (ii), and (iii) to this new configuration. However, observe
that items (ii) and (iii) was already verified in the general case (for every x € A)
in the scope of this proof. In addition, by Lemma 6.14, 2, is the only periodic
point in A(z,,¢€), so item (i) do not occur. Hence we obtain Equation (6.2.13)

and, consequently, Equation (6.2.5). This ends Case (c).

This completes the analysis of the three cases we need to consider to

prove Proposition 6.16. [ |
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