
mp lp

θ

mpl
2

pθ̈(t) +mplpẍ(t) cos θ(t) +mpgalp sin θ(t) = 0

(mp +mc)ẍ(t) +mplpθ̈(t) cos θ(t)−mplpθ̇
2(t) sin θ(t) = f(t)

f

ga

x m

mc +mp

x(t) α(t)
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"#$ #$%"&$' () *+, -.,/0, 123$ "4"526 5& 57 "7789$' &:"& &:$ 9;&;# 7:"<& 57

#545' "2' &:"& &:$#$ 57 2; <#53&5;2 ($&=$$2 &:$ >52 "2' &:$ 7%;&, ?:876 &:$

"@"5%"(%$ &;#+8$ &; &:$ 3;8>%$' 9$3:"253"% 7)7&$96 τ 6 57 =#5&&$2 "7 *+, -.,A0,

B8(7&5&8&524 &:$ *+, -.,C06 -.,/06 - ,D0 "2' - ,.0 52&; *+7, -.,D0 "2' -.,.06 =$

;(&"52 &:$ 525&5"% @"%8$ >#;(%$9 <;# &:$ 9;&;#E3"#&E>$2'8%89 7)7&$9 &:"& 57

=#5&&$2 "7 <;%%;=7, F5@$2 " 3;27&"2& 7;8#3$ @;%&"4$ ν6 G2' (α, c, θ) 783: &:"&6

<;# "%% t > 06

lċ(t) +rc(t) + keα̇(t) = v 6

α̈(t)
[

jm + (mc +mp)∆
2(sinα(t))2

]

+ ke c(t)

+ α̇(t) [bm + (mc +mp)∆
2α̇(t) cosα(t) sinα(t)]

− θ̈(t) [mplp cos θ(t)∆ sinα(t)] + θ̇(t)
[

mp lpθ̇(t) sin θ(t)∆ sinα(t)
]

= 0 6

θ̈(t)
[

mp l
2

p

]

− α̈(t) [mp lp cos θ(t)∆ sinα(t)]

− α̇(t) [mp lp cos θ(t)∆ cosα(t)α̇(t)] + mp ga lp sin θ(t) = 0 6

- , 0

=5&: &:$ 525&5"% 3;2'5&5;276

α̇(0) = 0 , α(0) = 0 , θ̇(0) = 0 , θ(0) = 0 , c(0) =
ν

r
. - ,!0

1(7$#@524 *+, - , 06 5& 57 @$#5G$' &:"& &:$ 9;&;#E>$2'8%89 7)7&$9 52H8$23$7

&:$ 3"#& 52 " >"#"9$&#53 ="),

 !" #$%&'($)'*&(( +,-./%).)-/0&'12*2% (3(.&%

I2 &:57 7$3&5;26 &:$ 525&5"% @"%8$ >#;(%$9 &; &:$ 9;&;#E3"#&E>$2'8%89

7)7&$9 57 >#$7$2&$' 52 " '59$275;2%$77 <;#9, ?"J524 α̇(t) = u(t) "2' θ̇(t) =

n(t)6 &:$ 7)7&$9 3"2 ($ =#5&&$2 "7 " G#7& ;#'$# 7)7&$9
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ċ(t) =
−keu(t)− rc(t) + ν

l
,

u̇(t) = {−n(t)2mplp sin θ(t)∆ sin(α(t))− u(t)2(mc +mp)∆
2 cos(α(t)) sin(α(t))

−bmu(t) + kec(t) + [cos (θ(t))∆ sin (α(t))] [u(t)2mp cos θ(t)∆ cosα(t)

−mpga sin (θ(t)) ] }
{

1

jm +∆2sin (α(t))2(mc +mpsin (θ(t))
2)

}

,

ṅ(t) = {mp cos (θ(t))∆ sin (α(t)) [kec(t)− u(t)2(mc +mp)∆
2 cos(α(t)) sin(α(t))

−bmu(t)− n(t)2mplp sin θ(t)∆ sin(α(t)) ] +
[

jm + (mp +mc)∆
2 sin (α(t))2

]

[−mpga sin (θ(t)) + u(t)2mp cos θ(t)∆ cosα(t)] }
{

1

mplp
[

jm +∆2sin (α(t))2(mc +mpsin (θ(t))
2)
]

}

.

" #!$

%&'(')*

t =
l

r
s+ α

(

l

r
s

)

= γ(s)+ u

(

l

r
s

)

=
rq(s)

l
+ θ

(

l

r
s

)

= β(s)+

n

(

l

r
s

)

=
ry(s)

l
+ c

(

l

r
s

)

=
kew(s)

l
+

" #,$

-). *.(/ (01( s '/ 2'3.)/'-)4.// 51&13.(.&# 60. 78)9('-)/ γ (s)+ q (s)+ β (s)+

y (s) 1)2 w (s) 1&. 2'3.)/'-)4.// 78)9('-)/# :; /8</('(8(')* =># " #,$ ')(-

=># " #!$ -). -<(1')/

w′(s) = −w(s)− q(s) + v0 +

q′(s) = {−v3q(s)− y(s)2v5 sin (γ(s)) sin (β(s))− v6 sin (β(s)) cos (β(s)) sin (γ(s))

+v2w(s)− q(s)2 cos (γ(s)) sin (γ(s))
[

v9 − v4 cos (β(s))
2
]

{

1

1 + sin (γ(s))2
[

v1 + v4 sin (β(s))
2
]

}

" #?$

y′(s) = {−v3v7q(s) cos (β(s)) sin (γ(s)) + q(s)2v7 cos (γ(s)) cos (β(s))

−v4y(s)
2 sin (γ(s))2 sin (β(s)) cos (β(s)) + v2v7w(s) cos (β(s)) sin (γ(s))

[

1− v9 sin (γ(s))
2
]

[−v8 sin (β(s))] }

{

1

1 + sin (γ(s))2
[

v1 + v4 sin (β(s))
2
]

}

+

" #@$

A0.&.

′
2.)-(./ (0. 2.&'B1('B. A'(0 &./5.9( (- s 1)2 ai+ i = 1, · · · , 16 1&.

2'3.)/'-)4.// 51&13.(.&/ *'B.) <;
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v0 =
νl

ker
" v1 =

∆2mc

jm
" v2 =

lk2

e

jmr2
" v3 =

bml

jmr
" v4 =

∆2mp

jm
"

v5 =
mplp∆

jm
" v6 =

mp∆gal
2

jmr2
" v7 =

∆

lp
" v8 =

gal
2

lpr2
" v9 =

(mc +mp)∆
2

jm
#

$ #%&

'()*+,-./ 012 3-)2.4-(.5244 *+,+)202,4 (6 012 )(0(,78+,07*2.3959) 4:402)

;-01 012 3-)2.4-(.5244 *+,+)202,4 (6 012 )(0(,78+,0 4:402) /-<2. =: >?# @#A!"

-0 8+. =2 (=42,<23 01+0 012 *+,+)202,4 v0 0( v3 +**2+, -. =(01 8+424 +.3" 012

-.8594-(. (6 012 2)=+,B23 *2.3959) -.0,(39824 4-C .2;4 *+,+)202,4D v4 0( v9#

 ! "#$%&'()* +'$#*),'-.+ -/ ,0% 12.)$'(+ -/ ,0%

$-,-&3()&,34%.1#*#$ +2+,%$

E 4-)-5+, +.+5:4-4 0( 012 (.2 )+32 0( 012 )(0(,78+,0 4:402)" =+423

(. 012 ,249504 (6 .9)2,-8+5 4-)95+0-(.4" ;+4 32<25(*23 6(, 012 )(0(,78+,07

*2.3959) 4:402)# F12 G017(,32, H9./27I900+ )201(3 -4 9423 6(, 012 0-)27

-.02/,+0-(. 4812)2 ;-01 + 0-)27402* 2?9+5 0( 10−4# F12 )(0(, *+,+)202,4 9423

-. +55 4-)95+0-(.4 +,2 5-4023 -. F+=52 @#A# F12 4(9,82 <(50+/2 -4 +449)23 0(

=2 8(.40+.0 -. 0-)2 +.3 2?9+5 0( @#G J# K24*-02 (6 94-./ 012 3-)2.4-(.5244

-.-0-+5 <+592 *,(=52) 6(, .9)2,-8+5 4-)95+0-(.4" 012 ,249504 +,2 *,242.023

-. 012 3-)2.4-(.+5 6(,) =28+942 ;2 =25-2<2 01+0 -. 01-4 ;+: 012: 1+<2 +.

2+4-2, *1:4-8+5 -.02,*,20+0-(.# L((B-./ +0 012 -.-0-+5 <+592 *,(=52) >?4# $ # &

0( $ #G&" -0 -4 (=42,<23 01+0 -6 012 .()-.+5 2882.0,-8-0: (6 012 *-." ∆" -4

4)+55 +.3 012 +./52" θ(t)" -4 .2+, M2,(" >?# $ # & 02.34 0( + 5-.2+, 4:402)#

N90 +4 012 2882.0,-8-0: /,(;4" 012 .(.5-.2+,-0-24 =28()2 )(,2 *,(.(9.823#

F( 9.32,40+.3 012 -.O92.82 (6 ∆ -. 012 3:.+)-8 =21+<-(, (6 012 )(0(,7

8+,0 4:402)" 4-)95+0-(.4 ;-01 0;( 3-P2,2.0 <+5924 0( 01-4 4:402) *+,+)202,

;2,2 *2,6(,)23# F12 42528023 <+5924 +,2 ∆ = 0.001 ) +.3 ∆ = 0.01 )# Q.

01242 4-)95+0-(.4" 012 8+,0 +.3 012 *2.3959) )+4424 ;2,2 mc = 0.0 B/ +.3

mp = 5.0 B/" 4( 01+0 012 0(0+5 )+44" m = mc + mp = 5.0 B/" -4 2?9+5 0( 012

2)=+,B23 )+44# E501(9/1 012 )+4424 +,2 2?9+5" 01-4 8(.R/9,+0-(. 8(.0,+404

;-01 012 (.2 (6 012 )(0(,78+,0 4:402) 9423 -. 012 *,2<-(94 4-)95+0-(.4# Q. 4*-02

(6 1+<-./ 012 4+)2 )+4424" 012 *2.3959) 1+4 + ,25+0-<2 )(0-(. ;-01 ,24*280 0(

012 8+,0" +.3 01-4 )+B24 + 19/2 3-P2,2.82# F12 *2.3959) 52./01 ;+4 +449)23

0( =2 0.075 )# S(, ∆ = 0.001 )" S-/4#  #@$+&"  #@$=&"  # $+& +.3  # $=&

41(; 012 /,+*14 (6 012 +./95+, <25(8-0: (6 012 )(0(, 41+60" 89,,2.0" *2.3959)

3-4*5+82)2.0 +.3 8+,0 3-4*5+82)2.0 (<2, 0-)2# F1242 ,249504 ,2<2+5 01+0 ;12.

∆ -4 4)+55" 012 +./95+, 4*223 (6 012 )(0(, 41+60 (48-55+024 (<2, 0-)2 ;-01 +

<2,: 4)+55 +)*5-0932 +,(9.3 7 TM" 012 89,,2.0 +54( (48-55+024 ;-01 + 4)+55

+)*5-0932 +,(9.3 0.13 E" +.3 012 +./95+, 3-4*5+82)2.0 (6 *2.3959) -4 .2+,
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∆ = 0.001

∆ = 0.001

∆

x̂

7.04

θ̂

x̂

ωn =
√

g/lp/(2π) = 1.82

ĉ 5.22

8.86 14.08

x̂ ĉ

x̂
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∆ = 0.001

∆ = 0.01

∆

α̇ c θ

∆

∆ = 0.01

∆

x̂

θ̂ 1.61

x̂ ∆ = 0.001

∆ = 0.01

ωn = 1.82 ∆
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∆ = 0.01

∆ = 0.01

3.21

ĉ x̂

5.0

0.0

mp = 4.0

mc + mp = 4.0
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∆ = 0.01

∆ = 0.01

α̇

α̇

∆ = 0.01
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∆ = 0.01

α̈ α̇ α̇

x α̇(t)

α̇(t)

∆ = 0.01
α̈ α̇ α̇ x

θ̇

α̇ θ α̇

α̇ 21.6o −21.6o

6.0o −6.0o
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∆ = 0.01
θ̇ α̇ θ α̇

θ̇

2.95

∆ = 0.01
θ̈ α̇ τ α̇
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 !" #$%%&'( )* +,- .,&/+-'

"#$ %&'($&)$ *+ , $-.,/0$1 -,22 3,2 1$-*&24/,4$1 ,&1 %4 3,2 2#*3&

4#$ )#,&5$2 %4 ),(2$2 %& 4#$ 2*6(4%*&2 *+ 4#$ 17&,-%) $8(,4%*&29 "#$ -*4*/:

),/4 2724$- #,2 &* ),;,)%47 4* ;(-; $&$/57 +/*- 4#$ -*4*/< %4 %2 , -,24$/:

26,=$ 2724$-> 4#$ -*4*/ 1/%=$2 4#$ ),/4 -*4%*&< 4#$ ),/4 %2 1/%=$&9 "#$ *&67

%&4$/$24%&5 +$,4(/$ %2 #*3 4#$ &*&6%&$,/%47 )#,&5$2 3%4# ∆ ,&1 m< 4#$ -,22 *+

4#$ ),/49 "#$ -*4*/:),/4:;$&1(6(- 2724$- #,2 , &$3 +$,4(/$< 4#$ ),;,)%47 4*

24*/$ $&$/57 %& 4#$ -*4%*& *+ 4#$ ;$&1(6(-9 ?%4# 4#%2< 4#$ -$)#,&%),6 2724$-

),& ;(-; $&$/57 +/*- 4#$ -*4*/ ,&1< %& )$/4,%& ),2$2< /$=$/4 4#$ /$6,4%*&

-,24$/:26,=$< 4#,4 %2 4#$ -$)#,&%),6 2724$- ),& .$ %42$6+ 4#$ -,24$/ 24*;;%&5

4#$ -*4*/ ,&1 /$=$/2%&5 %42 -*4%*&9
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