
3Category TheoryA ategory C is omposed of C-objets or objets (A, B, C. . . ) and
C-arrows, arrows or even morphisms (f , g, h. . . ) between pairs of theseobjets. For every f : A → B and g : B → C there exists h : A → C thatis the omposition of f and g, i.e., h = g ◦ f , whih is assoiative. Everyobjet A de�nes an identity arrow idA : A → A and for every f : A → B,
idB ◦ f = f ◦ idA = f . We de�ne:Isomorphism: An arrow f : A→ B is an isomorphism if there exist g : B → Asuh that g◦f = idA and f◦g = idB. Then, the objets A and B are isomorphi(A ∼= B).Produt: A produt of two C-objets A and B is a C-objet A × B togetherwith projetion arrows π1 : A×B → A and π2 : A×B → B suh that for every
C-objet C and arrows f : C → A and g : C → B there exists a unique arrow
〈f, g〉 : C → A×B suh that π1 ◦ 〈f, g〉 = f and π2 ◦ 〈f, g〉 = g. This de�nitionan be represented by the following diagram:

C
f

〈f,g〉
g

A A× B
π1 π2

BNote that we say a instead of the produt. That is beause this notion, asmany in Category Theory, is de�ned up to isomorphism, for example, B×A isalso a produt of A and B. We use a dotted arrow to represent unique arrows.Co-produt: A o-produt (or sum) of two C-objets A and B is a C-objet
A+B together with inlusion arrows i1 : A→ A+B and i2 : B → A+B suhthat for every C-objet C and arrows f : A→ C and g : B → C there exists a
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2-ategory and Proof Theory 25unique arrow [f, g] : A + B → C suh that [f, g] ◦ i1 = f and [f, g] ◦ i2 = g

C

A

f

i1
A + B

[f,g]

B

g

i2Exponentiation: An exponential of two C-objets A and B is a C-objet BAtogether with an evaluation arrow eval : A × BA → B suh that, for every
f : A × C → B, there exists a unique arrow f̂ : C → BA that makes thefollowing diagram to ommute:

A× C

f̂idA

f

A×BA
eval

BThe exponential establishes a natural bijetion between Hom(A×C, B)and Hom(C, BA), where Hom (X, Y ) is the set of all morphisms that goesfrom X to Y .Initial objet: A C-objet 0 is an initial objet if, for every C-objet A, thereexists only one arrow from 0 to A.Fatorization: An arrow f is said to fator through g if there exists h suh that
g ◦ h = f . For example, in the produt diagram above, f fators through π1uniquely.Funtor: Given two ategories A and B, a funtor F from A to B is a funtionthat takes to B the ategorial struture of A, i.e.,(i) if A is an A-objet, then F (A) is a B-objet;(ii) if f : A→ B, then F (f) : F (A)→ F (B);(iii) for every A-objet A, F (idA) = idF (A) and;(iv) if h = f ◦ g, then F (h) = F (f) ◦ F (g).Cartesian Closed Category: A ategory with �nite objets and arrows andwhere there exist produt and exponentiation for every pair of objets is alleda Cartesian Closed Category.
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2-ategory and Proof Theory 263.1The Curry-Howard IsomorphismIn this setion, whih is based on (10), we de�ne a funtor L from theategory Cart whose objets are artesian losed ategories and whose arrowsare funtors to the ategory λ-Calc of typed λ-aluli, whih is to be de�ned,in order to show one side of their relation. The other side is the funtor K from
λ-Calc to Cart whih is usually alled the ategorial semantis of λ-alulus.Given a Cartesian Closed Category A, the types of L(A) are the objets of Aand its terms are formed by applying one of the following operations:

x : A[x : A]
M : A[∆]

M : A[∆, x : B]

N : B[x : A] M : C[y : B]

M [y ← N ] : C[x : A]

M : A[∆] N : B[∆]

〈M, N〉 : A× B[∆]

M : A× B[∆]

π1(M) : A[∆]

M : A× B[∆]

π2(M) : B[∆]

M : B[∆, x : A]

λx.M : BA[∆]

M : BA[∆] N : A[∆′]

App(M, N) : B[∆, ∆′]where M and N are metavariables for terms and ∆ is a set of variables. Whenthere is no doubt whih term is to be substituted, we an write M [N ] insteadof M [y ← N ].The artesian losed ategorial semanti for the typed λ-alulus is givenby the funtion [·℄ that takes as arguments types and terms and yields valuesin A (either objets or morphisms):TypesIf A is a basi type, then [A℄ is an objet of A, else[A×B℄= [A℄×[B℄[BA℄= [B℄[A℄Terms[x : A[x : A]℄= I[A℄[M : A[∆, x : B]℄= f : [∆℄×[B℄→[A℄[M [N ] : C[x : A]℄= [N : B[x : A]℄◦[M : C[x : B]℄[〈M, N〉 : A× B[∆]℄= 〈[M : A[∆], N : B[∆]℄〉[π1(M) : A[∆]℄= π1([M : A× B[∆]℄)
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2-ategory and Proof Theory 27[π2(M) : B[∆]℄= π2([M : A× B[∆]℄)[λx.M : BA[∆]℄= f̂ , that is the only arrow that makes the diagram toommute.
BA × A

eval

∆×A
f

〈 bf ,A〉

B[App(M, N) : B[∆, x : A]℄= eval([M : BA[∆]℄, [N : A[∆]℄)During the proess of term formation, it an happen that we apply moreoperations then it is neessary, i.e., some ombinations of operations an workas a kind of identity operation, making its appliation redundant. We say thata term M redues to a term M ′ (M � M ′) if M ′ is obtained from M by theappliation of any of the following operations:
λxA.M [x← N ] � M [x← N ]

π1〈M, N〉� M

π2〈M, N〉� N

M � M ′ implies M [N ] � M ′[N ]

M � M ′ implies N [M ] � N [M ′]

M � M ′ implies λxA.M � λxA.M ′

M � M ′ implies π1(M) � π1(M
′)

M � M ′ implies π2(M) � π2(M
′)

λxA.App(M, x) � M

〈π1(M), π2(M)〉� MTheorem 3.1.1. Let M : A[∆] be a λ-term suh that M � M ′ and M ′ : A[∆].Then we have that [M : A[∆]℄= [M ′ : A[∆]℄.Given a λ-term M : B, the set FV(M) of the free variables of M , isde�ned as follows:if M ≡ x, then FV(M) = {x};if M ≡ λx : A.N , then FV(M) = FV(N)\{x};if M ≡ N [P ], then FV(M) = FV(N)∪FV(P );
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2-ategory and Proof Theory 28if M ≡ 〈N, P 〉, then FV(M) = FV(N)∪FV(P );if M ≡ π1(N), then FV(M) = FV(N);if M ≡ π2(N), then FV(M) = FV(N);A variable that is not free is said to be losed.Let A and A′ be two objets of Cart. A morphism Φ : L(A)→ L(A′) isto be alled translation and is de�ned as:1. if a has type A, then Φ(a) has type Φ(A), if a is losed (respetivelyfree), so is Φ(a) and the ith variable of type A is sent to the ith variableof type Φ(A).2. Φ preserves type and term forming operations, e.g.:
Φ(A× B) = Φ(A)× Φ(B), Φ(BA) = Φ(B)Φ(A). . .
Φ(π1(c)) = π1(Φ(c)), where c : A×B; Φ(λx.M) = λΦ(x).Φ(M) . . .Proposition 3.1.2. L is a funtor.Proof. (i) to eah Cart-objet A, L(A) is a λ-Calc-objetThat omes from the onstrution of L(A)(ii) to eah Cart-arrow F : A → A′, LF : L(A)→ L(A′) is a λ-Calc-arrowIt is the same as to show that LF is a translation:1. As F is a funtor, for every objet A in A, F (A) is an objet in

A′ and a type in L(A′), i.e., LF takes a type A in L(A) to a type
LFA = FA in L(A′)2. If A × B is a type in L(A), then LF (A × B) = L(FA × FB) (for
F preserves produt) and then LFA × LFB is a type in L(A′);Analogous for exponentiation.We show that LF preserves terms by indution on the size of theterm:As funtors preserve arrows, we have that LF sends x : B[y : A] to
x : FB[y : FA]. Suppose it works for terms M and N , then
LF (N) : LF (B)[x : LF (A)] LF (M) : LF (C)[y : LF (B)]

LF (M)[LF (N)] : LF (C)[x : LF (A)]

LF (M) : LF (A)[∆] LF (N) : LF (B)[∆]

〈LF (M),LF (N)〉 : LF (A)× LF (B)[∆]
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2-ategory and Proof Theory 29
LF (M) : LF (A)× LF (B)[∆]

π1(LF (M)) : LF (A)[∆]

LF (M) : LF (A)× LF (B)[∆]

π2(LF (M)) : LF (B)[∆]

LF (M) : LF (B)[∆, x : LF (A)]

λx.LF (M) : LF (B)LF (A)[∆]

LF (M) : LF (B)LF (A)[∆] LF (N) : LF (A)[∆]

App(LF (M),LF (N)) : LF (B)[∆](iii) L(idA) = idL(A)We show that L(idA) is a translation:1. For every objet A in A, idA(A) is an objet in A and a type in
L(A), i.e., L(idA) takes a type A in L(A) to a type L(idA(A)) =

idA(A) = A in L(A)2. If A × B is a type in L(A), then L(idA(A × B)) = L(A × B) andthen A×B is a type in L(A); Analogous for exponentiation.We show that L(idA) preserves terms by indution on the size ofthe term:As funtors preserve arrows, we have that L(idA) sends a term
x : B[y : A] to a term x : B[y : A]. Suppose it works for terms Mand N , then
L(N) : L(B)[x : L(A)] L(M) : L(C)[y : L(B)]

L(M)[L(N)] : L(C)[x : L(A)]

L(M) : L(A)[∆] L(N) : L(B)[∆]

〈L(M),L(N)〉 : L(A)× L(B)[∆]

L(M) : L(A)× L(B)[∆]

π1(L(M)) : L(A)[∆]

L(M) : L(A)× L(B)[∆]

π2(L(M)) : L(B)[∆]

L(M) : L(B)[∆, x : L(A)]

λx.L(M) : L(B)L(A)[∆]

L(M) : L(B)L(A)[∆] L(N) : L(A)[∆]

App(L(M),L(N)) : L(B)[∆](iv) L(G ◦ F ) = L(G) ◦ L(F ), whenever G ◦ F is de�ned
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2-ategory and Proof Theory 30Let A be a formula in A. As LF and LG are translations (from (ii)),we have that LF (A) is a type in a λ-Calulus L(B) and LG(LF (A)) isa type in a λ-Calulus L(C). As G ◦ F is a funtor, then L(G ◦ F ) is atranslation and L(G◦F )(A) is a type in L(C). The same works for arrowinstead of formula. Hene, the equality holds.We all attention to the obvious orrespondene between Proof Theoryand λ-Calulus: some of the term formating rules an be seen as ∧ and →elimination and introdution rules; the redution operations have a strongresemblane with the three properties presented in the ending of setion 2.1and it is impossible not to think about Prawitz's Conjeture after readingTheorem 1.3.2Categorial view of Proof TheoryNatural Dedution, from the point of view of Proof Theory, forms aategory by thinking of formulas as objets and derivations as morphisms.A derivation f of A from C an be seen as an arrow f whose soure is Cand whose target is A. For typographial reasons, sometimes we use the λ-Calulus notation Π: B[x : A] instead of A
Π
B

and if Ψ: A[y : B], then Π(Ψ) isrepresented by Ψ: A[y : B](y ← Π: B[x : A]). Formally we have:Let [·℄ be a funtor that takes elements of our dedution system toelements of Category Theory. If A, B and C are formulas and Π and Ψ arederivations, we have:[A℄ is an objet[Π: A[x : B]℄ = f , where f is an arrow from B to A[Π: C[y : B](y ← Ψ: B[x : A])℄ = g ◦ f , where g is an arrow from B to
C and f is an arrow from A to B.In Category Theory, two equivalent derivations are represented by thesame arrow. That is not a problem for it is in aordane with Prawitz'sConjeture.We are interested in relating onjuntion, disjuntion, impliation andfalsum to elements in Category Theory. Mann (12), based on Lambek's works(8), (7) and (9), explains the relation between produt and onjuntion and o-produt and disjuntion. He uses the de�nitions of these ategorial operators
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2-ategory and Proof Theory 31to ahieve their respetive redution and expansion step and onludes that ∧-redution omes from the ommutativity of the produt diagram,→-redutionomes from the ommutativity of the exponent diagram and that ∧ and
→ expansions ome from the uniqueness of the fatorization de�ned byprodut and exponential respetively (this is one of the reasons we have addedexpansions to our system).3.3Problems with the Curry-Howard Isomorphism3.3.1DisjuntionFor disjuntion to be seen as o-produt, one more redution must to beadded:In (11), Mann shows that ∨-redution omes from the ommutativityof the o-produt diagram, but for ∨-expansion, from the uniqueness of thefatorization, he onludes that

A ∨ B

[A]

A ∨ B

[B]

A ∨B
A ∨ B

Π
C

=

A ∨ B

[A]

A ∨B
Π
C

[B]

A ∨ B
Π
C

Cbut, if there is an appliation of →-int in Π that disharges the major premissof the ∨-el (i.e., the formula A∨B), then there is no derivation of the form ofthe right hand side. One way of solving this issue is by adding the redution:
Π1

A ∨B

[A]

Π2

C

[B]

Π3

C
C
Π4

D

�

Π1

A ∨B

[A]

Π2

C
Π4

D

[B]

Π3

C
Π4

D
Dwhere no rule in Π4 disharges any hypothesis of Π1. Note that this redution ismore general than the permutation redution de�ned by Prawitz. For instane,the lowest ourrene of C does not need to be a major premiss. We all thisredution Mann's ∨-permutation (MDP).
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2-ategory and Proof Theory 323.3.2Initial objetIn a Cartesian Closed Category C with initial objet ⊥ and an objet A,there exists only one arrow from A to ⊥: as Hom(⊥×⊥,⊥) ∼= Hom(⊥,⊥⊥),we have that |Hom(⊥×⊥,⊥)| = |Hom(⊥,⊥⊥)| = 1. Suppose that there existstwo arrows f and g from A to ⊥. From the produt diagram
A

f

!

g

⊥ ⊥×⊥π1 π2 ⊥

f = π1◦! and g = π2◦!, but as there is only one arrow from ⊥ × ⊥ to ⊥, itfollows that π1 = π2 and onsequently f = g. This observation is due to Joyal(10)(p.116) and suh a result, if we only onsider Prawitz's redutions, is notsupported by proof theoretial means: if we follow the same line of idea of theabove proof representing the arrows of the produt diagram as derivations, wewould form the derivation A
f

⊥

A
g

⊥ h
⊥ ∧⊥

π
⊥

that redues to A
f

⊥

if π = π1 and to
A
g

⊥
if π = π2, in other words, we do not know if π is the rule A ∧ B

A
or if itis the rule A ∧B

B
and thus we would ome to no onlusion about a relationbetween f and g. The two derivations below are an example of two di�erentderivations from a same formula to ⊥:
⊥ ∧ (A ∧⊥)

A ∧⊥
⊥

⊥ ∧ (A ∧ ⊥)

⊥Note that there is no rex between them. Aording to PH's redution, everyderivation from a formula A to ⊥ is equivalent to eah other and that isthe reason we said that this redution approximates Proof Theory to theategorial semanti. The derivation
A

A→ A

A ¬A
⊥

⊥i

¬(A→ A)

⊥is not normal and it annot be normalized by any of the redutions presentedso far. For ases like this, we introdue the following redution:
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2-ategory and Proof Theory 33
Π1

⊥
⊥i

A
⊥
Π2

�

Π1

⊥
Π2

(3-1)whih is de�ned as follows:If E = ∧-el, then Π1

⊥
A1 ∧⊥
⊥
Π2

�

Π1

⊥
Π2

and Π1

⊥
⊥∧ A2

⊥
Π2

�

Π1

⊥
Π2

If E = ∨-el, then Π1

⊥
A ∨ B

[A℄
Π2

⊥

[B℄
Π3

⊥
⊥
Π4

�

Π1

⊥
Π4

If E =→-el, then Π1

A

Π2

⊥
A→ ⊥
⊥
Π2

�

Π2

⊥
Π3With this redution, the above derivation redues to A ¬A

⊥Besides this ad ho situation, we an prove that every derivation from ⊥to A an be redued to ⊥
A

, i.e., every derivation from ⊥ to A is equivalent to
⊥
A

and, therefore, every derivation from ⊥ to A is ategorially representedby the same arrow, i.e, by the only arrow from the initial objet to A.Proposition 1. Let Σ be a derivation from ⊥ to A. Then there exists at leastone rex τ from Σ to ⊥
A

.Proof. If Σ redues to a derivation Π, and Π redues to ⊥
A

then, by property(0), Σ redues to ⊥
A

. Let ρ be the rex from Σ to Π. If Π = ⊥
A

, then τ = ρ.Suppose Π =

⊥
B
C
Ψ
A

6= ⊥
A

and that there exists a rex α suh that ⊥C
Ψ
A

�α

⊥
A

. Then,� if C = C1 ∧C2, then Π =

⊥
C1

⊥
C2

C1 ∧ C2

Ψ
A

�

⊥
C1 ∧ C2

Ψ
A

�α
⊥
A

and τ an bethe sequene 〈ρ,⊥-red, α〉.
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2-ategory and Proof Theory 34� if C = C1 ∨ C2, then Π =

⊥
Ci

C1 ∨ C2

Ψ
A

�

⊥
C1 ∨ C2

Ψ
A

�α
⊥
A

and τ an bethe sequene 〈ρ,⊥-red, α〉.� if C = C1 → C2, then Π =

⊥
C2

C1 → C2

Ψ
A

�

⊥
C1 → C2

Ψ
A

�α
⊥
A

and τ anbe the sequene 〈ρ,⊥-red, α〉.
3.3.3Ekman's redutionConsidering Prawitz's onjeture, when a derivation Π E-redues to aderivation Π′, we annot, in ontrast to Prawitz's Conjeture, say that theyare equivalent. For instane, the derivation A

A ∨ B
A ∨B

A ∨B → A ∨B
A ∨ B

E-redues to both A
A ∨ B

and A∨B but they are not equivalent. Categorially,we would not have the same arrow representing equivalent derivations. Thus,Ekman's redution does not seems to be ompletely adequate to a ategorialinterpretation yet.
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