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aPUC - Pontif́ıcia Universidade Católica, Departamento de Engenharia Elétrica,
Rua Marquês de São Vicente, 225, 22453-900 Gávea - Rio de Janeiro, Brazil.
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Abstract

This work is devoted to study and discuss the main methods to solve the network
cost allocation problem both for generators and demands. From the presented, com-
pared and discussed methods, the first one is based on power injections, the second
deals with proportional sharing factors, the third is based upon Equivalent Bilateral
Exchanges, the fourth analyzes the power flow sensitivity in relation to the power
injected, and the last one is based on Zbus network matrix. All the methods are ini-
tially illustrated using a 4–bus system. In addition, the IEEE 24–bus RTS system is
presented for further comparisons and analysis. Appropriate conclusions are finally
drawn.
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1 Introduction

The cost of the transmission network can be interpreted as the cost of mainte-
nance, planning and operation of the infrastructure that involves the transmis-
sion system. It’s the responsibility of the generators and demands, that are the
users of the transmission system, to pay for the network usage of this system.
For example, in Brazil, the net basic cost of the transmission network,called
TUST-RB, whose elements have a voltage equal or above 230 kV, exceeded
3.1 billion dollars in the period of 2005-2006, according to [1].

One of the main challenges to allocate the cost of transmission is how to
establish a criterion to split it between generators and demands. According
to [2] the methods of network transmission cost allocation should, beyond
ensuring the quality of the transmission service (voltage control, static and
dynamic stability, etc.), satisfy a set of restrictions for its correct application:

• no cross-subsidies;
• transparency of the cost allocation procedure;
• simple regulatory method;
• adequate remuneration of present and future transmission investments;
• economic signaling for future dimensioning;
• continuity of existing network charges.

Different proposals for transmission network cost allocation have appeared
in recent years. The pro rata method, presented in [3] and [4], allocates
costs to generators and demands according to the sum of active power pro-
duced/consumed by each generator/demand.

Other methods, a bit more complex, distribute the costs based on the ac-
tive power flow produced by generators and demands through the transmis-
sion lines. These methods use the proportional sharing principle, where the
flows attributed to each generator and demand in “upstream” lines determine
the power flows through “downstream” lines. These flows are associated with
the origins and destinations, i.e., generators and demands. Examples of this
method can be found in [2], [5], [6], [7].

The network usage method presented in [8] uses Equivalent Bilateral Ex-
changes (EBEs) to allocate costs to generators and demands. In order to
create an EBE, each demand is attributed a generation fraction and, in the
same way, a fraction of each demand is attributed to each generator. The at-
tribution of costs by the network usage method occurs considering the impact,
in terms of power flow, of each EBE in each transmission line, determined by
the DC power flow solution.

The Zbus method [9] presents a solution based on the Zbus matrix and considers
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the current injection at each bus. The combination of these two elements (Zbus

matrix and current injections) determines a measure of sensitivity that indi-
cates what is the individual contribution of each current injection to produce
the power flow through of a transmission line.

The nodal method, used in many countries, allocates the network usage costs
and provides a measure to determine this allocation based on the power flow
sensitivity in each line due to the power injected at each bus. This method
can be found in [1].

In the last years, several studies about network cost allocation considering
cross-border exchanges in Europe and Asia have appeared. For example, in Eu-
rope, there is a need to find a robust and fair mechanism for Inter-Transmission
System Operators (Inter-TSO) compensation in the European internal elec-
tricity market to replace the provisional European Transmission System Op-
erators (ETSO) mechanism. One of the main challenges is that the system
operator of each country does not have information about the electrical net-
works of other countries, making the application of any network cost allocation
method difficult. This issues can be found in [10],[11],[12] and [13]. However,
these studies are out of scope of this paper.

The main objective of this paper is to study and discuss the main methods
used to allocate the network usage costs. Note that a less exhaustive work that
also studies and analyzes several methods to allocate network usage costs in
transmission systems is presented in [14]. This paper is organized as follows:
section 2 introduces the main methods present in the literature; section 3
illustrates the methods using a 4–bus system; a more complex IEEE 24–bus
RTS case study is presented in section 4, and section 5 presents the conclusions
reached with the different methods that are analyzed.

2 Network usage cost allocation methods

Any network usage cost method must be both calculated and defined for a
certain period, but there are different proposals to allocate this cost. In this
section five ways to allocate this cost are presented: the pro rata method(PR),
the proportional sharing method (PS), the Equivalent Bilateral Exchange
(EBE) method, the nodal method, and the Zbus method.
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2.1 Pro rata (PR) method

The PR method, also known as postage stamp method, revised in [3] and
[4], allocates costs proportionally to the power injected by each generator or
by each demand. But, to do this, it’s necessary to decide how much of the
cost should be attributed to generators and demands. For example, a 50%
proportion can be used.

Consider a system of n buses and nl lines. Assuming a converged power flow,
the power generated (PGk) and consumed (PDk) at each bus k of the system
can be obtained. Then, the total network usage of each line l is calculated as:

Ul =
n
∑

k=1

UGk
l +

n
∑

k=1

UDk
l = UG

l + UD
l . (1)

where:

Ul: Usage of line l (MW).

UGk
l : Usage of line l allocated to generator located at bus k (MW).

UDk
l : Usage of line l allocated to demand located at bus k (MW).

UG
l : Usage of line l allocated to generators (MW).

UD
l : Usage of line l allocated to demands (MW).

According to the PR method the usage of any line l allocated to any generator
(demand) should be given as the proportion of its generator (demand) in
relation to the generation (consumption) of the system. Thus:

UGk
l = (

PGk
∑n

k=1 PGk

)UG
l (2)

UDk
l = (

PDk
∑n

k=1 PDk

)UD
l . (3)

For the sake of simplicity and for each line, we consider a total annualized line
cost in $/h, Cl, which includes operation, maintenance and building costs.
Note that how this cost is computed is outside the scope of this paper. This
cost represents the total cost allocated to generators (CG

l ) plus the total cost
allocated to demands (CD

l ).

Cl = CG
l + CD

l . (4)
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The corresponding cost rates of line l respectively allocated to generators and
demands are:

rG
l =

CG
l

UG
l

(5)

rD
l =

CD
l

UD
l

. (6)

In this way, the cost of line l respectively allocated to generators and demands
located at bus k is:

CGk
l = rG

l UGk
l (7)

CDk
l = rD

l UDk
l . (8)

The total cost of the system, C, is obtained as a sum of the total cost of each
line:

C =
nl
∑

l=1

Cl =
nl
∑

l=1

n
∑

k=1

(CGk
l + CDk

l ). (9)

2.2 Proportional sharing (PS) method

The network usage cost calculated by the PS method [6] is obtained observing
how the power flow distributes itself through the transmission lines, taking into
account the power injection that originates it.The idea is that each extraction
of power at a bus has a direct relationship with each injection of power at
this bus. To apply this method, it’s necessary to split it into two parts: first
to allocate the cost to generators (upstream looking algorithm) and, second,
to allocate cost to demands (downstream looking algorithm). Obviously, it’s
also necessary to attribute a proportion of the costs allocated to generators
and demands, for example, a 50% share.

For the upstream looking algorithm, consider Pji (the power flow from bus j
to bus i) and Pj (the nodal power, calculated as a sum of all power injected or
extracted at bus j). Considering that the power flow is much bigger than the
losses in each line, the losses term can be ignored, therefore we assume that
|Pji| = |Pij|.

Considering the expression |Pji| = cjiPj , where cji = |Pji| /Pj , then:

PGi = Pi −
∑

j∈αu
i

cjiPj. (10)
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where:

αu
i : Set of buses connected and supplying directly bus i.

Rearranging (10):

PG = AuP, (11)

where:

PG: Total generation vector.

Au: Upstream distribution matrix (nxn).

P : Power injection vector.

The element (i, j) from Au matrix relates the power flow arriving bus i with
the power injected at bus j. An element (i, j) of this matrix is given by:

[Au]ij =



























1 for i = j

−cji = − |Pji| /Pj for j ∈ αu
i

0 otherwise

αu
i : Set of buses connected and supplying directly by bus i.

The Au matrix is non-symmetrical. If A−1
u exists, then P = A−1

u PG and the
element i of vector P , is given by:

Pi =
n
∑

k=1

[

A−1
u

]

ik
PGk for i = 1, 2, ..., n. (12)

Applying the proportional sharing principle:

|Pij| =
|Pij|

Pi

Pi =
|Pij|

Pi

n
∑

k=1

[

A−1
u

]

ik
PGk for j ∈ αd

i , (13)

where:

αd
i : Set of buses connected and supplied directly by bus i.

Considering the power flow through any line l (connected to bus i), the power
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flow contribution from generator k to this line l is:

UGk
l =

|Pij |

Pi

[

A−1
u

]

ik
PGk for j ∈ αd

i . (14)

Finally, with the cost rate of line l calculated as in (5), the cost of line l
allocated to a generator located at bus k is:

CGk
l = rG

l UGk
l . (15)

Analogously for demands, the power flow |Pij| can be calculated as:

|Pij| =
|Pij|

Pi

Pi =
|Pij|

Pi

n
∑

k=1

[

A−1
d

]

ik
PDk for all j ∈ αu

i , (16)

where
[

A−1
d

]

ik
relates the power flow leaving bus i with the power injected at

bus j :

[Ad]ij =



























1 for i = j

−cji = − |Pji| /Pj for j ∈ αd
i

0 otherwise

The term
|Pij |

Pi

[

A−1
d

]

ik
PDk represents the contribution of demand k to the

power flow through line ij, representing the network usage of demand k for
this line.

Considering the power flow through any line l (connected at bus i), the power
flow contribution from demand k to this line l is:

UDk
l =

|Pij |

Pi

[

A−1
u

]

ik
PDk for j ∈ αu

i . (17)

Finally, with the cost rate of line l calculated as in (6), the cost of line l
allocated to demand located at bus k is:

CDk
l = rD

l UDk
l . (18)

2.3 Equivalent Bilateral Exchange (EBE) method

The term Equivalent Bilateral Exchange (EBE) represents a power injection
and an offtake of the same entity. It suggests the existence of a generator and a
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demand with the same active power, but in opposite directions. To tackle this
problem, it proposes unbundling line flows using the EBE methodology [8],
which allows identifying the responsibility of each generator/demand on the
unbundled flows through every line. This methodology is based on the EBE
principle, in which each generator provides a predefined fraction of power to
each demand, and each demand receives a predefined fraction of power from
each generator. This hypothesis has been used in [8], [12] and [15].

In this way, assuming a generator k and a demand j, the individual contribu-
tion from generator k to demand j is given by:

GDkj =
P DC

Gk PDj

P Total
, (19)

where:

P Total: Sum of all power demands.

PDj: Demand at bus j.

P DC
Gk : Power generated in any bus k considering a lossless system.

Then, the contribution of each EBE to the power flow in each line of the
system can be determined by the following expression:

F = βP, (20)

where P represents the active power vector at each bus (disregarding the slack
bus) and β represents the sensitivity matrix of the system [16], [17]. The P
vector of power injections describes a generic EBE with one injection GDkj

at bus i and one extraction GDkj at bus j, so that:

P = ( 0 · · · GDkj · · · −GDkj · · · 0 )T .

↑ ↑

k j

The vector F of (20) expresses the power flow in each transmission line due
to the EBE formed by generator k and demand j. In order to determine the
network usage allocated to generator k in the line l, half of the sum of all
EBEs containing generator k must be considered, for this line. Then:

UGk
l =

1

2

nG
∑

j=1

F kj
l . (21)
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Analogously, for demand k:

UDk
l =

1

2

nD
∑

j=1

F jk
l , (22)

where F kj
l is the power flow through line l due to the EBE composed of

generator k and the demand j.

Finally, considering the cost rates as in (5) and (6), the cost of line l allocated
to generators and demands located at bus k is:

CGk
l = rG

l UGk
l (23)

CDk
l = rD

l UDk
l . (24)

2.4 Nodal method

The nodal method is the actual methodology approved by ANEEL (the Elec-
tric Energy National Agency of Brazil) for the network usage cost allocation,
based on the concept of nodal tariffs. In this methodology the network users
pay for network usage considering their location and their maximum capacity
of possible power (generated/consumed) to be dispatched, but not necessarily
dispatched. Details of the method used, as well as the software to calculate
the cost allocated to each agent, can be found in [1].

In this paper the method is modified to be rightly compared with other meth-
ods. Thus, the results obtained by this method depend on the network and
also on the power (generated or consumed) dispatched at the buses of the
system.

The measure that effectively characterizes the cost of network usage allocated
to each agent is given by the sensitivity matrix (β). However this matrix does
not permit to allocate costs to the generators and loads located at the slack
bus since the sensitivity of the power flow in any line with respect to the slack
bus is zero. Therefore, the original nodal method [1] needs an adjustment to
allocate costs to the slack bus. The original nodal method assigns the following
cost of line l to an agent located at node k so that:

C
k(before)
l = βklrlPkFWl, (25)

where:

C
k(before)
l : Line l cost allocated to agent k before the adjustment of the method.
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βkl: Sensitivity factor of line l with respect to node k.

rl: Cost rate of line l expressed as

rl =
Cl

Ul

(26)

Pk: Power generated or consumed at node k.

FWl: Weighting factor of the line l whose value is:

FWl =



























1 if the level of loading of the line is above a pre-determined value;

0 if the level of loading of the line is below a pre-determined value;

Fl

Capl
otherwise,

where:

Fl: Power flow through line l.

Capl: Transmission capacity of line l.

The factor FWl is used so that lines with low loading do not contribute to the
cost allocated to the agents. For simplicity, we assume FWl = 1.

Therefore, the cost of line l allocated to generators and demands located at
node k becomes:

C
Gk(before)
l = βklr

G
l P G

k (27)

C
Dk(before)
l = βklr

D
l P D

k , (28)

where:

C
Gk(before)
l : Cost of line l allocated to generator k before of the adjustment.

C
Dk(before)
l : Cost of line l allocated to demand k before of the adjustment.

In this way, the network usage cost of the entire transmission system allocated
to generators and demands located at bus k is, respectively:

CGk(before) =
nl
∑

l=1

βklr
G
l P G

k (29)
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CDk(before) =
nl
∑

l=1

βklr
D
l P D

k , (30)

In order to allocate costs to the slack bus and to recover the costs allocated
to generators (50% of the total cost), an adjustment is applied. Then:

CGk = CGk(before) + ∆G, (31)

where:

∆G =
CG −

∑nG

k=1 CGk(before)(PGk)
∑nG

k=1 PGk,
(32)

CGk: Total transmission cost allocated to the generator located at bus k.

CG: Total transmission cost allocated to all generators.

Analogously for demand k:

CDk = CDk(before) + ∆D, (33)

where:

∆D =
CD −

∑nD

k=1 CDk(before)(PDk)
∑nD

k=1 PDk

(34)

CDk: Total transmission cost allocated to the demand located at bus k.

CD: Total transmission cost allocated to all demands.

2.5 Zbus method

The Zbus method can be found in [9] and was revised in [14]. To show the
method, assume that the complex power injected through transmission line
jk is:

Sjk = Ej I∗
jk , (35)

where:

Sjk: Complex power flow through line jk.
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Ej : Nodal voltage at bus j.

Ijk: Current through line jk.

Using the impedance matrix Zbus, obtained as the inverse of the admittance
matrix (Y −1

bus = Zbus) , the voltage at bus j can be calculated by:

Ej =
n
∑

i=1

zji Ii , (36)

where:

zji: Element (j, i) of the Zbus matrix.

The current through line jk, Ijk, is obtained as:

Ijk = (Ej − Ek) yj→k + Ej ysh
j→k , (37)

where:

yj→k: Series admittance of the π equivalent circuit of line jk.

ysh
j→k: Shunt admittance of the π equivalent circuit of line jk.

Substituting (36) in (37):

Ijk =

(

n
∑

i=1

zjiIi −
n
∑

i=1

zkiIi

)

yj→k +
n
∑

i=1

zji Ii ysh
j→k . (38)

Rearranging (38):

Ijk =
n
∑

i=1

[

(zji − zki) yj→k + zji ysh
j→k

]

Ii . (39)

Note that the first term of the product in equation (39) is constant, since it
only depends on network parameters. Thus, equation (39) can be written as:

Ijk =
n
∑

i=1

ai
jk Ii , (40)

where:

ai
jk = (zji − zki)yj→k + zji ysh

j→k . (41)
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The magnitude of the ai
jk parameter provides a measure of the electrical dis-

tance between bus i and one point at the beginning of the line jk. The concept
of electrical distance is important because it serves as a basis to determine the
cost allocated to each bus, i.e., the bigger the electrical distance between a
bus and a transmission line used by this bus, the bigger the cost allocated to
this bus tends to be.

Substituting (40) in (35)

Sjk = Ej

n
∑

i=1

(ai
jk Ii)

∗ =
n
∑

i=1

Ej ai∗
jk I∗

i . (42)

Then, the active power through line jk is:

Pjk = ℜ{
n
∑

i=1

Ej ai∗
jk I∗

i } , (43)

where:

ℜ - Real part of the complex number. Or, equivalently:

Pjk =
n
∑

i=1

ℜ{Ej ai∗
jk I∗

i }. (44)

In this sense, the active power flow through any transmission line can be split
and associated to the nodal current injection at each bus. Then, the power
flow through line jk associated to current i is:

P i
jk = ℜ{Ej ai∗

jk I∗
i } . (45)

Knowing that the term ai
jk represents the electrical distance from bus i to

a point at the beginning of the line jk (Pjk is the power flow through line
jk calculated at the beginning of the line jk) , it’s necessary to reach a bet-
ter measure of the usage of line jk to better represent the electrical distance
between one bus and one line. The idea is to calculate the average of the con-
tribution from bus i to the transmission line jk, with the power flow calculated
at the beginning and end of this line. Thus:

U i
jk = U i

l =
| P i

jk | + | P i
kj |

2
∀ l ∈ ΩL, (46)

where:
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U i
jk: Usage of line jk associated with the current injection at bus i. Also

referred to as U i
l .

ΩL: Set of lines of the system.

The total usage of any line l is:

Ul =
n
∑

i=1

U i
l . (47)

Without loss of generality, we consider at least a single generator and a single
demand at each bus of the network. The usage of line jk apportioned to the
generator or demand located at bus i is stated below.

If bus i contains only generation, the usage allocated to generator i pertaining
to line l is:

UGi
l = U i

l . (48)

On the other hand, if bus i contains only demand, the usage allocated to
demand i pertaining to line l is:

UDi
l = U i

l . (49)

Else, if bus i contains both generation and demand, the usage allocated to the
generation at bus i pertaining to line l is:

UGi
l = [PGi/(PGi + PDi)]U

i
l . (50)

And the usage allocated to the demand at bus i pertaining to line l is:

UDi
l = [PDi/(PGi + PDi)]U

i
l . (51)

Expressions (48) and (49) correspond to buses with either generation or de-
mand, respectively, and expressions (50) and (51) correspond to buses includ-
ing both generation and demand.

Finally, considering the cost rate as expressed in (5) and (6), the cost of line
l allocated to generators and demands located at bus k is, respectively:

CGk
l = rG

l UGk
l (52)

CDk
l = rD

l UDk
l . (53)
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3 Example of application

Some premises presented in section 1 indicate certain subjectivity in the eval-
uation (for example, easiness to promote regulation and transparency of the
cost allocation procedure). However, the last three premises can be further
evaluated. To illustrate them, several analyses regarding the locational view-
point, the remuneration of new investments and the stability of tariffs, are
presented. All analyses are done for the 4–bus system depicted in Fig. 1.

line 4 

  250.0   

127.2

250.0  

 254.0 

line 2 

line 6 

 127.2

line 1 

line 5 

  254.5   

1 2

43 0.000015 

0.1  

127

line 3 

127.1

Fig. 1. 4–bus system with the AC power flow solution.

Fig. 1 presents the result of the power flow solution for this system. For sim-
plicity, a symmetrical system is selected, where all the buses are connected
to each other. All the lines have the same values of resistance and reactance,
r = 0.01275 pu and x = 0.097 pu, respectively. The transmission system cost
is obtained as the sum of the costs of each transmission line, resulting a value
of C = 582.0 $/h. The cost of line jk is directly obtained from its reactance
value: Cjk = 1000 ∗ xj−k $/h. The power injected and extracted at each bus is
practically the same; approximately 254.0 MW for the generators, and 250.0
MW for the demands.

3.1 Locational viewpoint

All the remuneration procedures, considering a locational viewpoint, can be
analyzed observing the costs for network usage in the base case (Fig. 1). Since
we have a system which is practically symmetrical, and because generators and
demands have almost the same values, it’s expected that the costs for network
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usage should be practically the same for all the generators and demands. Table
1 shows the costs allocated to each agent (generator/demand) of the system
in the base case. The cost values shown in this table are obtained from the
network usage allocated to each agent multiplied by the transmission cost of
the system, in this case 582.0 $/h.

Table 1
Transmission cost allocation.

Bus Cost ($/h)

- PR PS EBE Nodal Zbus

1 145.42 121.21 143.56 112.87 145.66

2 145.58 169.79 147.44 178.13 145.81

3 145.50 121.25 145.50 145.50 145.27

4 145.50 169.75 145.50 145.50 145.27

Total 582.0 582.0 582.0 582.0 582.0

The PR, EBE and Zbus methods produce almost the same results, approxi-
mately 145 $/h for each agent (generator/demand). These results are reason-
able since the system is relatively symmetrical. On the other hand, the PS
and nodal methods present very different results for some agents, indicating
a disequilibrium between buses in the system, which, in fact, does not exist.

For the locational analysis, consider a change in the cost of the transmission
lines of the base case. For example, an increase in the reactance of line 1,
resulting in an increase of the cost of this line. Now, the reactance value and
the cost of this line are x1−2 = 0.194 pu and C12 = 194 $/h, respectively,
twice the original value. Table 2 shows the cost allocation to each agent in
this new case.

Table 2
Transmission cost allocation with an increase in the cost of line 1.

Bus Cost ($/h)

- PR PS EBE Nodal Zbus

1 169.89 194.03 167.46 45.82 180.22

2 169.61 96.97 172.04 293.68 179.95

3 169.75 145.50 169.75 169.75 159.41

4 169.75 145.50 169.75 169.75 159.41

Total 679.0 679.0 679.0 679.0 679.0

In this new simulation it’s expected for the agents electrically close to a certain
line to be apportioned most of the usage of this line. In this case, it’s desirable
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that generators 1 and 2 suffer the biggest cost allocation changes due to the
increment of the line 1 cost. This aspect is also discussed in [9], and it’s
called the proximity effect. According to Table 2, it can be noted that the Zbus

method shows the proximity effect, significantly increasing the costs allocated
to generators 1 and 2 up to approximately 180 $/h, and up to 159.41 $/h for
demands 3 and 4. This property cannot be seen in the other methods.

3.2 Remuneration considering new investments

Consider now that two new identical generators are introduced, and they are
connected by identical transmission lines to the same bus. For example, assume
that two new generators 5 and 6 are added and the power injected by each is
125 MW. These generators are both connected by two transmission lines to
bus 3. Generators 1 and 2 modifiy their respective productions to 131 MW and
125 MW, respectively. In this case the demands remain at the same value of
250 MW. Table 3 presents the cost allocation to the generators and demands
in the new configuration.

Table 3
Transmission cost allocation with the introduction of two new generators.

- PR PS EBE Nodal Zbus

1 100.95 152.12 101.04 13.64 102.27

2 95.68 100.61 101.04 104.58 97.33

3 194.00 167.31 149.54 194.00 136.05

4 194.00 220.69 238.46 194.00 182.78

5 95.68 67.64 92.96 134.89 128.78

6 95.68 67.64 92.96 134.89 128.78

Total 776.0 776.0 776.0 776.0 776.0

Observing Table 3, all the methods produce the same cost allocation for the
new generators 5 and 6, as expected. However, in the nodal method, the
changes produced in the system indicate a significant variation of the costs
allocated to generator 1 (13.64 $/h) in relation to the other generators. This
means that there exists a certain volatility associated to this method.

3.3 Stability of tariffs

Another useful metric to check the advantages of the allocation methods is
the analysis of the tariffs’ stability.
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To understand the advantages of the results presented by this parameter (tar-
iff) we assume that all methods have two factors that determine the cost
allocation of the network usage for each agent: first, a factor that depends
on the network (also called tariff) and, second, a factor related to the power
generated (or consumed) at each bus. This actually happens to all methods
presented in this paper, except for the PR method, that does not depend on
the network.

For a method to show its network dependence, the value of the tariff, calcu-
lated as the cost allocated to each generator (demand) divided by the power
generated (consumed) in the bus where it’s located, must be different for each
agent. However, it is also desirable that these tariffs (for all agents) are within
a relatively small range of values. The smaller the range of values, the greater
the stability (lesser volatility of tariffs over time).

This idea was, firstly, introduced in [8]. The expressions (54) and (55) describe
how to obtain these tariffs for the generators and demands:

rGi =
CGi

PGi

(54)

rDi =
CDi

PDi

. (55)

Table 4 shows the maximum and minimum values of the tariffs as obtained
in the base case 4–bus system, as well as the standard deviation, the average
results and the volatility for each method, calculated as the ratio between the
standard deviation and the average of the rates.

Table 4
Tariffs for generators and demands.

- PR PS EBE Nodal Zbus

Maximum ($/MWh) 0.58 0.57 0.57 0.95 0.57

Minimum ($/MWh) 0.57 0.67 0.58 0.58 0.58

Standard deviation 0.01 0.10 0.01 0.07 0.01

Average 0.58 0.58 0.58 0.58 0.58

Volatility (%) 1.72 17.24 0.0 12.06 1.72

According to the results shown in Table 4, it can be seen that the PR, EBE
and Zbus methods have lower volatilities than the other methods, nodal and
PS. These results show that the latter methods are highly volatile. To confirm
this trend we have performed the same analyses in the IEEE 24–bus RTS
system. These analyses are presented in the next section.
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4 Case study

The IEEE 24–bus RTS system shown in Fig. 2, whose data are depicted in
[18], is presented in this case study. The same five methods applied to the 4–
bus system are used in this section. The converged power flow corresponds to
the IEEE RTS peak load, on the Tuesday of week 51 from 5 p.m to 6 p.m, as
in [9]. The aspects referring to location, new investments and statistics rates
are also discussed.
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Fig. 2. IEEE 24–bus RTS system.

4.1 Locational viewpoint

Tables 5 and 6 present the base case network usage cost allocations to gen-
erators and demands, respectively. Issues related to location can be observed
in generators at buses 1 and 16. Both buses have similar power generations,
172 MW and 155 MW, and similar power injections, 64 MW and 55 MW, as
compared to the other buses in the system. According to the PR method, the
cost allocation does not depend on the network topology, therefore, the cost
allocated to both generators is: 81.44 $/h for generator 1, and 73.99 $/h for
generator 16. The ratio between both is 1.1 (81.44/73.99).

However, we should expect the cost allocation to generator 1 to be much higher
in value than the cost allocation to generator 16, because generator 1 uses the
transmission network much more, being at the corner of the network. This
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Table 5
Transmission cost allocation to the generators.

Bus Cost ($/h)

- PR PS EBE Nodal Zbus

1 81.44 64.27 120.42 90.39 41.88

2 81.44 138.12 121.94 99.68 51.27

7 113.63 30.70 161.97 37.53 118.78

13 117.12 0.0 76.02 176.93 4.51

15 101.80 0.0 86.08 114.42 34.84

16 73.39 20.36 54.21 86.79 10.48

18 189.39 29.90 171.96 158.95 28.74

21 189.39 309.70 166.79 152.70 370.45

22 142.04 266.98 179.07 83.68 339.17

23 284.08 513.69 235.24 372.63 413.47

Total 1373.72 1373.72 1373.72 1373.72 1413.59

conclusion is ratified by the PS, EBE and Zbus methods, obtaining a cost
ratio of the generators of 3.16, 2.22 and 3.99, respectively.

Regarding the demands, the same analysis can be done with the demands
located at buses 8 and 14, the former being a heavier user of the network.
The power demands are 171 MW and 194 MW, respectively. Although bus
14 has a bigger power demand, a reduction of costs due to its location in the
system should take place. Again, this occurs with the PS, EBE, nodal and
Zbus methods, that allocate higher costs to bus 8, highlighting the importance
of the locational viewpoint.

4.2 Remuneration considering new investments

Consider two new generators at buses 25 and 26, with a power generation of
25 MW each, connected by two identical transmission lines to bus 24. Table
7 presents the cost allocation to the generators in this new configuration.

The cost of the new transmission lines is 135.6 $/h. First, all the methods must
have the same cost allocation results for generators 25 and 26, since they are
identical generators connected by identical transmission lines to the same bus.
Second, most of the costs due to the new investments in transmission should
be allocated to the new generators located at buses 25 and 26. This happens
because the new transmission lines 24-25 and 24-26 are the only way for buses
25 and 26 to inject or to extract power in the network. This issue is also
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Table 6
Transmission cost allocation to the demands.

Bus Cost ($/h)

- PR PS EBE Nodal Zbus

1 52.06 0.0 82.15 48.36 26.30

2 46.75 0.0 75.10 38.20 28.91

3 86.76 236.99 102.99 66.42 180.24

4 35.67 120.66 56.95 40.03 85.71

5 34.22 62.43 49.26 46.81 71.54

6 65.55 192.68 94.82 72.15 74.74

7 60.25 0.0 96.22 102.12 61.86

8 82.42 99.82 110.35 181.69 179.96

9 84.35 215.62 90.30 70.84 138.29

10 93.99 218.47 104.89 107.37 85.71

13 127.73 7.70 102.16 18.71 4.83

14 93.51 72.77 64.37 78.41 125.48

15 152.79 31.28 101.97 139.83 51.37

16 48.20 0.0 29.32 41.34 6.76

18 160.51 0.0 115.81 191.78 23.93

19 87.24 62.24 55.26 78.56 94.55

20 61.70 53.05 41.77 51.07 93.64

Total 1373.72 1373.72 1373.72 1373.72 1333.82

shown in [9]. In this sense, the PS method is the most adequate, allocating
most of the cost difference between the base case and the modified case to
the new generators: 59.51 + 59.51 = 119.02 $/h. The EBE and Zbus methods
also allocate higher costs due to the new investments to generators 25 and
26, however with relatively lesser values than the PS method. On the other
hand, the PR and nodal methods distribute these costs costs among all the
generators and demands, which cannot be considered reasonable.

4.3 Stability of tariffs

Table 8 shows the maximum and minimum values of the generator tariff for
the base case, as well as the average, the standard deviation and the volatility.
Table 9 presents the same information for the demands.

According to the results presented in Tables 8 and 9, the EBE and nodal
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Table 7
Transmission cost allocation to the generators with the new configuration.

Bus Cost ($/h)

- PR PS EBE Nodal Zbus

1 85.42 62.83 120.05 95.86 42.72

2 85.42 133.51 121.60 105.15 52.45

7 119.20 30.70 161.73 45.16 120.46

13 98.55 0.0 56.77 136.44 18.18

15 106.78 0.0 85.78 121.26 35.80

16 76.98 20.47 54.05 91.72 10.60

18 198.66 29.92 171.43 171.68 28.30

21 198.66 291.46 166.19 165.42 363.63

22 149.00 259.69 178.54 93.23 335.67

23 297.99 493.89 235.14 391.72 407.20

25 12.42 59.51 45.10 11.93 47.47

26 12.42 59.51 45.10 11.93 47.47

Total 1441.5 1441.5 1441.5 1441.5 1509.9

Table 8
Tariffs for the generators.

- PR PS EBE Nodal Zbus

Maximum ($/MWh) 0.47 0.89 0.71 0.72 1.13

Minimum ($/MWh) 0.47 0.0 0.31 0.16 0.02

Standard deviation 0.0 0.34 0.14 0.14 0.32

Average 0.47 0.25 0.43 0.53 0.27

Volatility (%) 0.0 137 32.0 26.0 119.0

Table 9
Cost rates for the demands.

- PR PS EBE Nodal Zbus

Maximum ($/MWh) 0.48 1.63 0.77 1.06 1.16

Minimum ($/MWh) 0.48 0.0 0.29 0.07 0.02

Standard deviation 0.00 0.33 0.10 0.15 0.30

Average 0.48 0.36 0.34 0.42 0.48

Volatility (%) 0.0 93.0 29.0 37.0 62.0

22



methods showed the lowest volatility. This means that these methods pro-
vide greater stability against changes in the network; however note that the
nodal method shows high volatility in the 4–bus system. In general, the nodal
method allocates more cost to the buses that induce big power flow changes in
the system. In the 4–bus system, which was almost symmetrical, the method
allocated the biggest portion of the cost to bus 2, which is also responsible for
the high volatility. In bigger systems, such as the IEEE 24–bus RTS system,
this trend is lessened, due to the asymmetry of the system and the splitting
of the allocations between several buses.

The PS method presents more dispersed values, indicating lower stability.
The Zbus method shows intermediate values, indicating relative stability com-
pared to the PS method, but lesser stability compared to the EBE and nodal
methods. Finally, the PR method presents the highest level of stability since
this method does not depend on the network topology.

In this sense, the results presented using the IEEE 24–bus RTS are more
general than the ones of the 4-bus system because they represent a more
realistic case study.

5 Conclusions

A comparison of the main methods of network cost allocation present in the
literature is presented in this paper. An analysis of the main characteristics
of several methods and recommendations for their use in different situations
follows.

The PR method is not sensitive to the transmission system, i.e, this method
can be considered poor in the locational aspect, and does not make an ad-
equate remuneration method with regard to new investments. However, and
for this reason, is a stable method with respect to tariff continuity, which, in
some cases, is something desired by the investors.

The PS method shows a good performance considering the locational aspect
and an optimal performance with respect to new investments in generation.
However it shows the worst performance in terms of tariff stability.

The EBE and nodal methods present good results in terms of stability of
tariffs in the IEEE 24–bus RTS system. However, they are less efficient than
the Zbus method regarding the locational viewpoint and less efficient than the
PS method with regard to the remuneration of new investments.

The Zbus method reveals more efficiency than all the methods with respect to
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the locational aspect and good performance with respect to new investments.
Moreover, it shows relative stability in the tariff continuity, which is worse
than the EBE and nodal methods, but better than the PS method, for the
IEEE 24–bus RTS system.

The application of one method or another depends on several factors. If look-
ing for a stable method with relation to the tariffs of the system, the PR
method can be used. Looking for relative stability, with good performance of
the locational aspect, either the EBE or the nodal methods should be used.
Searching for a good method to allocate costs due to new investments and
a good locational behavior, the PS method can be used, although it’s very
bad in terms of tariff stability. Finally, the Zbus method is efficient in terms
of locational behavior, presents good results with new investments, but not so
good in terms of tariffs.
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